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Abstract

OnlineEnsembleLearning

by

Nikunj ChandrakantOza

Doctorof Philosophy in ComputerScience

Universityof CaliforniaatBerkeley

ProfessorStuartRussell,Chair

This thesispresentsonline versionsof thepopularbaggingandboostingalgorithms.We

demonstratetheoreticallyandexperimentallythattheonlineversionsperformcomparably

to their original batchcounterpartsin termsof classificationperformance.However, our

onlinealgorithmsyield thetypicalpracticalbenefitsof onlinelearningalgorithmswhenthe

amountof trainingdataavailableis large.

Ensemblelearningalgorithmshave becomeextremely popularover the last several

yearsbecausethesealgorithms,whichgeneratemultiplebasemodelsusingtraditionalma-

chinelearningalgorithmsandcombinetheminto anensemblemodel,have oftendemon-

stratedsignificantlybetterperformancethansinglemodels.Baggingandboostingaretwo

of themostpopularalgorithmsbecauseof theirgoodempiricalresultsandtheoreticalsup-

port. However, mostensemblealgorithmsoperatein batchmode,i.e., they repeatedlyread

andprocessthe entire training set. Typically, they requireat leastonepassthroughthe

training setfor every basemodelto be includedin the ensemble.The basemodel learn-

ing algorithmsthemselvesmayrequireseveralpassesthroughthetrainingsetto createeach

basemodel.In situationswheredatais beinggeneratedcontinuously, storingdatafor batch

learningis impractical,whichmakesusingtheseensemblelearningalgorithmsimpossible.

Thesealgorithmsarealsoimpracticalin situationswherethe training setis large enough

thatreadingandprocessingit many timeswouldbeprohibitively expensive.
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This thesisdescribesonline versionsof baggingandboosting. Unlike the batchver-

sions,our online versionsrequireonly one passthroughthe training examplesin order

regardlessof thenumberof basemodelsto be combined.We discusshow we derive the

online algorithmsfrom their batchcounterpartsas well as theoreticaland experimental

evidencethat our online algorithmsperform comparablyto the batchversionsin terms

of classificationperformance.We also demonstratethat our online algorithmshave the

practicaladvantageof lower runningtime, especiallyfor larger datasets.This makesour

onlinealgorithmspracticalfor machinelearninganddatamining taskswheretheamount

of trainingdataavailableis very large.

ProfessorStuartRussell
DissertationCommitteeChair
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Chapter 1

Intr oduction

A supervisedlearningtaskinvolvesconstructinga mappingfrom input data(normally

describedby several features)to theappropriateoutputs.In a classificationlearningtask,

eachoutputis oneor moreclassesto whichtheinputbelongs.In aregressionlearningtask,

eachoutput is someothertype of valueto be predicted. In supervisedlearning,a setof

trainingexamples—exampleswith known outputvalues—isusedby a learningalgorithm

to generateamodel.Thismodelis intendedto approximatethemappingbetweentheinputs

andoutputs.For example,wemayhavedataconsistingof examplesof creditcardholders.

In a classificationlearningtask,our goalmaybeto learnto predictwhethera personwill

default on his/hercreditcardbasedon theotherinformationsupplied.Eachexamplemay

correspondto onecreditcardholder, listing thatperson’s variousfeaturesof interest(e.g.,

averagedaily credit cardbalance,othercredit cardsheld,andfrequency of latepayment)

aswell aswhetherthepersondefaultedonhis/hercreditcard.A learningalgorithmwould

usethe suppliedexamplesto generatea model that approximatesthe mappingbetween

eachperson’s suppliedfinancial informationandwhetheror not he defaultson his credit

card.Thismodelcanthenbeusedto predictwhetheranapplicantfor anew creditcardwill

default and;therefore,to decidewhetherto issuethatpersona card.A regressionlearning

task’sgoalmaybeto predictaperson’saveragedaily creditcardbalancebasedontheother

variables. In this case,a learningalgorithm would generatea model that approximates

the mappingfrom eachperson’s financial informationto the averagedaily balance.The

generalizationperformanceof a learnedmodel (how closely the target outputsand the
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model’s predictedoutputsagreefor patternsthat have not beenpresentedto the learning

algorithm) would provide an indication of how well the model haslearnedthe desired

mapping.

Many learningalgorithmsgenerateonemodel(e.g.,a decisiontreeor neuralnetwork)

thatcanbeusedto make predictionsfor new examples.Ensembles—alsoknown ascom-

biners,committees,or turnkey methods—arecombinationsof severalmodelswhoseindi-

vidualpredictionsarecombinedin somemanner(e.g.,averagingor voting) to form a final

prediction.For example,onecangeneratethreeneuralnetworks from a suppliedtraining

setandcombinetheminto an ensemble.Theensemblecouldclassifya new exampleby

passingit to eachnetwork, gettingeachnetwork’s predictionfor thatexample,andreturn-

ing theclassthatgetsthemaximumnumberof votes.Many researchershavedemonstrated

thatensemblesoftenoutperformtheirbasemodels(thecomponentmodelsof theensemble)

if thebasemodelsperformwell onnovel examplesandtendto makeerrorsondifferentex-

amples(e.g., (Breiman,1993;Oza& Tumer, 1999;Tumer& Oza,1999;Wolpert,1992)).

To seewhy, let usdefine � <>v � _�v �-� to bethethreeneuralnetworksin thepreviousexample

andconsidera new example � . If all threenetworks alwaysagree,thenwhenever � < n�� x
is incorrect, � _ n+� x and �-�(n�� x will alsobe incorrect,so that the incorrectclasswill get the

majority of the votesandthe ensemblewill alsobe incorrect. On the otherhand,if the

networks tendto make errorson differentexamples,thenwhen � < n+� x is incorrect, � _ n�� x
and �-�(n�� x may be correct,so that the ensemblewill returnthe correctclassby majority

vote. More precisely, if anensemblehas � basemodelshaving anerrorrate ����~h� � and

if the basemodels’errorsareindependent,thenthe probability that the ensemblemakes

anerror is theprobabilitythatmorethan ��� � basemodelsmisclassifytheexample.This

is preciselyman�������� �@x , where � is a �������(����y3�An�� v � x randomvariable. In our three-

network example,if all thenetworkshaveanerrorrateof 0.3andmakeindependenterrors,

then the probability that the ensemblemisclassifiesa new exampleis 0.21. Even better

thanbasemodelsthatmake independenterrorswould be basemodelsthataresomewhat

anti-correlated.For example,if no two networks make a mistake on the sameexample,

thenthe ensemble’s performancewill be perfectbecauseif onenetwork misclassifiesan

example,thentheremainingtwo networkswill correcttheerror.

Two of themostpopularensemblealgorithmsarebagging(Breiman,1994)andboost-
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ing (Freund& Schapire,1996). Given a training set, bagginggeneratesmultiple boot-

strappedtraining setsandcalls the basemodel learningalgorithmwith eachof themto

yield a setof basemodels.Givena trainingsetof size � , bootstrappinggeneratesa new

trainingsetby repeatedly( � times)selectingoneof the � examplesat random,whereall

of themhave equalprobabilityof beingselected.Sometrainingexamplesmaynot bese-

lectedatall andothersmaybeselectedmultipletimes.A baggedensembleclassifiesanew

exampleby having eachof its basemodelsclassifytheexampleandreturningtheclassthat

receivesthemaximumnumberof votes.Thehopeis that thebasemodelsgeneratedfrom

thedifferentbootstrappedtrainingsetsdisagreeoftenenoughthat theensembleperforms

betterthan the basemodels. Boostingis a morecomplicatedalgorithmthat generatesa

sequenceof basemodels. Boostingmaintainsa probability distribution over the training

set. Eachbasemodelis generatedby calling the basemodellearningalgorithmwith the

trainingsetweightedby thecurrentprobabilitydistribution.< Then,thebasemodelis tested

on the trainingset. Thoseexamplesthataremisclassifiedhave their weightsincreasedso

that their weightsrepresenthalf thetotal weightof thetrainingset.Theremaininghalf of

the total trainingsetweight is allocatedfor thecorrectlyclassifiedexamples,which have

their weightsdecreasedaccordingly. This new probabilitydistribution andthetrainingset

areusedto generatethe next basemodel. Intuitively, boostingincreasesthe weightsof

previouslymisclassifiedexamples,therebyfocusingmoreof thebasemodellearningalgo-

rithm’sattentiononthesehard-to-learnexamples.Thehopeis thatsubsequentbasemodels

correctthemistakesof thepreviousmodels.Baggingandboostingarepopularamongen-

semblemethodsbecauseof their strongtheoreticalmotivations(Breiman,1994;Freund&

Schapire,1997)andthegoodexperimentalresultsobtainedwith them(Freund& Schapire,

1996;Bauer& Kohavi, 1999;Dietterich,2000).

Most ensemblelearningalgorithmsincluding baggingand boostingare batch algo-

rithms. That is, they repeatedlyreadandprocesstheentiresetof trainingexamples.They

typically requireat leastonepassthroughthe datafor eachbasemodel to be generated.

Often,thebasemodellearningalgorithmsthemselvesrequiremultiple passesthroughthe

trainingsetto createeachmodel.Suppose� is thenumberof basemodelsto beincorpo-�
If thebasemodellearningalgorithmcannotacceptweightedtrainingsets,thenonecangeneratea boot-

strappedtrainingsetaccordingto theweightdistributionandpassthatto thelearningalgorithminstead.
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ratedinto theensembleand   is theaveragenumberof timesthatthebasemodellearning

algorithmneedsto passthroughthetrainingsetto createa basemodel. In this case,bag-

ging requires �¡  passesthroughthe training set. Boostingrequires ��n+ £¢¤~ x passes

throughthe trainingset—foreachbasemodel,it needs  passesto createthebasemodel

andonepassto testthebasemodelon thetrainingset.We wouldpreferto learntheentire

ensemblein anonlinefashion,i.e.,usingonly onepassthroughtheentiretrainingset.This

wouldmakeensemblemethodspracticalfor usewhendatais beinggeneratedcontinuously

sothatstoringdatafor batchlearningis impractical.Onlineensemblelearningwould also

behelpful in datamining tasksin which thedatasetsarelargeenoughthatmultiple passes

throughthedatasetswould requireaprohibitively long trainingtime.

In this thesis,we presentonline versionsof baggingand boosting. Specifically, we

discusshow our online algorithmsmirror the techniquesthat baggingand boostinguse

to generatemultiple distinct basemodels. We alsopresenttheoreticalandexperimental

evidencethatouronlinealgorithmssucceedin thismirroring,oftenobtainingclassification

performancecomparableto theirbatchcounterpartsin lesstime. Ouronlinealgorithmsare

demonstratedto bemorepracticalwith largerdatasets.

In Chapter2, we presenttherelevantbackgroundfor this thesis.We first review batch

supervisedlearningin generalandthebasemodelsthatwe use.We discusswhathasbeen

donein the areasof ensemblelearningandonline learning,which are the two essential

componentsof this thesis. We alsodescribethe little work that hasbeendonein online

ensemblelearning.Wediscussin moredetailthemotivationfor ensemblelearningandthe

variousensemblelearningalgorithms.We comparethesealgorithmsin termsof how they

bring aboutdiversityamongtheir constituentor basemodels,which is necessaryin order

for ensemblesto achievebetterperformance.Wealsodiscussonlinelearning,includingthe

motivationfor it andthevariousonlinelearningalgorithms.We discusstheWeightedMa-

jority (Littlestone& Warmuth,1994)andWinnow (Littlestone,1988)algorithmsin more

detailbecause,likeonlineensemblelearningalgorithms,they maintainseveralmodelsand

updatethemin anonlinemanner. However, WeightedMajority andWinnow aredesigned

to performnotmuchworsethanthebestof theirconstituentmodels,whereasouronlineen-

semblealgorithms,liketypicalbatchensemblemethods,aredesignedto yield performance

betterthanany of their basemodels.We discusshow this differencecomesabout.
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In Chapter3, we discussthe baggingalgorithm in greatdetail. We then derive our

onlinebaggingalgorithmwhich hastwo requirements.Thefirst requirementis anonline

learningalgorithmto producethe basemodels. The secondrequirementis a methodof

mirroringbagging’smethodof producingmultipledistinctbasemodels.In particular, bag-

ging’sbootstrapsamplingmethod,whichwediscussedearlier, requiresknowing � , which

is often unavailablewhenlearningonline. Our online baggingalgorithmavoids this re-

quirement.It simulatesthebootstrapsamplingprocessby sending¥ copiesof eachnew

trainingexampleto updateeachbasemodel,where ¥ is a suitablePoissonrandomvari-

able. We prove that thesamplingdistribution usedin onlinebaggingconvergesto what is

usedin batchbagging. We thenprove that the ensemblereturnedby our online bagging

algorithmconvergesto that returnedby thebatchalgorithmgiventhesametrainingsetif

thebasemodellearningalgorithmsareproportionalandif they returnclassifiersthatcon-

verge toward eachotherasthe sizeof the training setgrows. By proportional,we mean

thatthebatchandonlinebasemodellearningalgorithmsreturnthesamehypothesisgiven

trainingsetswheretherelative proportionof every exampleto every otherexampleis the

same.Thesizeof thebootstraptrainingsetshouldnot matter. For example,changingthe

trainingsetby duplicatingeveryexampleshouldnotchangethehypothesisreturnedby the

basemodellearningalgorithm.This is truefor decisiontrees,decisionstumps,andNaive

Bayesclassifiers,whicharethreeof thebasemodelsthatweexperimentwith in this thesis.

However, this is not truefor neuralnetworks,whichwealsoexperimentwith.

Wediscusstheresultsof ourexperimentscomparingthegeneralizationperformancesof

onlinebaggingandbatchbaggingonmany realandsyntheticdatasetsof varyingsizes.We

seethatbatchandonlinebaggingmostlyperformedcomparablyto oneanotherwhenusing

decisiontrees,decisionstumps,andNaive Bayesclassifiersas the basemodels. These

basemodelssatisfytheconditionswe describedin thelastparagraph.Whenusingneural

networks as the basemodels,online bagging’s performancesuffered, especiallyon the

smallerdatasets.On larger datasets;however, the losswassmall enoughthat it may be

acceptablegiven the reducedrunning time. Additionally, we discussexperimentswith

our onlinebaggingalgorithmon a domainin which datais arriving continuouslyandthe

algorithmneedsto supplya predictionfor eachexampleasit arrives.Onlinebaggingwith

decisiontreesperformedbeston this problemandimproveduponsingledecisiontrees.



6

In Chapter4, we discusstheboostingalgorithm(specifically, AdaBoost)in detailand

derive our onlineboostingalgorithmfrom boosting.Justaswith bagging,it appearsthat

we requireforeknowledgeof � , the sizeof the training set, in orderto give the training

examplestheir properweights.Onceagain,weavoid therequirementof knowing � using

suitablePoissonrandomvariablesto approximateboosting’s processof reweighting the

trainingset. We prove thatour onlineboostingalgorithm’s performancebecomescompa-

rable to that of the batchboostingalgorithmwhenusingNaive Bayesbasemodels. We

alsoreview our experimentalresultscomparingthe performancesof online boostingand

batchboostingon thesamedatasetson which we compareonlineandbatchbagging.We

find that, in somecases,our online boostingalgorithmsignificantlyunderperformsbatch

boostingwith smalltrainingsets.Evenwhenthetrainingsetis large,our onlinealgorithm

mayunderperforminitially beforefinally catchingup to thebatchalgorithm.This charac-

teristic is commonwith onlinealgorithmsbecausethey do not have theluxury of viewing

thetrainingsetasa wholetheway batchalgorithmsdo. Onlineboosting’sperformanceis

especiallyworsewhengiven a lossyonline learningalgorithmto createits basemodels.

We experimentwith “priming” our onlineboostingalgorithmby runningit in batchmode

for someinitial subsetof thetrainingsetandrunningin onlinemodefor theremainderof

thetrainingset. Priming is demonstratedto improve onlineboosting,especiallywhenthe

onlinebasemodellearningalgorithmis lossy. Wealsocomparetherunningtimesof oural-

gorithms.In mostcases,onlineboostingwasfasterthanbatchboostingwhile in othercases

online boostingwasslower. However, primedonline boostingwasalmostalwaysfastest

amongthe boostingalgorithms. We alsocompareonline boostingandbatchboostingin

moredetailby comparingtheerrorsof theirbasemodels,whichareimportantin determin-

ing theoverall behavior of theboostingalgorithms.Additionally, we discussexperiments

with our onlineboostingalgorithmon thesameonlinedomainthatwe experimentwith in

Chapter3.

In Chapter5, we summarizethe contributionsof this thesisanddiscussfuture work.

This thesisdeliversonline versionsof baggingandboostingthat allow oneto obtainthe

high accuracy of thesemethodswhen the amountof training dataavailable is suchthat

repeatedlyexaminingthis data,asbaggingandboostingrequire,is impractical.Our theo-

reticalandempiricalresultsgive ustheconfidencethatour onlinealgorithmsachieve this
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goal.
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Chapter 2

Background

In thischapter, wefirst introducebatchsupervisedlearningin generalaswell asthespe-

cific algorithmsthatwe usein this thesis.We thendiscussthemotivationfor andexisting

work in theareaof ensemblelearning.We introducethebaggingandboostingalgorithms

becausetheonlinealgorithmsthatwepresentin this thesisarederivedfrom them.Wethen

introduceanddiscussonline learning. We thendescribethe work that hasbeendonein

onlineensemblelearning,therebymotivatingthework presentedin this thesis.

2.1 Batch SupervisedLearning

A batchsupervisedlearningalgorithm ¦ 	 takesa trainingset   asits input. Thetrain-

ing setconsistsof � examplesor instances. It is assumedthat thereis a distribution §
from which eachtrainingexampleis drawn independently. The � th exampleis of theformn+� � vj¨ � x , where� � is avectorof valuesof severalfeaturesor attributesand ¨ � representsthe

valueto bepredicted.In aclassificationproblem,̈
�
representsoneormoreclassesto which

theexamplerepresentedby � � belongs.In a regressionproblem, ¨ � is someothertypeof

valueto bepredicted.In thepreviouschapter, wegavetheexampleof aclassificationprob-

lem in which we want to learnhow to predictwhethera credit cardapplicantis likely to

default on his credit cardgivencertaininformationsuchasaveragedaily credit cardbal-

ance,othercreditcardsheld,andfrequency of latepayment.In this problem,eachof the� examplesin thetrainingsetwouldrepresentonecurrentcreditcardholderfor whomwe
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know whetherhehasdefaultedupto now or not. If anapplicanthasanaveragedaily credit

cardbalanceof $1500,fiveothercreditcards,andpayslatetenpercentof thetime,andhas

notdefaultedsofar, thenhemayberepresentedas n�� vj¨�x p n�n�~ª© q@q v © v ~ q x>v �«� x .
Theoutputof a supervisedlearningalgorithmis a hypothesis� thatapproximatesthe

unknown mappingfrom theinputsto theoutputs.In ourexample,� wouldmapfrom infor-

mationaboutthecreditcardapplicantto apredictionof whethertheapplicantwill default.

In theexperimentsthatwepresentin this thesis,wehavea testset—asetof examplesthat

weuseto testhow well thehypothesis� predictstheoutputsonnew examples.Theexam-

plesin ¬ areassumedto beindependentandidenticallydistributed(i.i.d.) draws from the

samedistribution § from which theexamplesin   weredrawn. Wemeasuretheerrorof �
on thetestset ¬ astheproportionof testcasesthat � misclassifies:~s ¬ s ­� ��� � ��®�¯d° n��ln�� x²±p ¨�x
where ¬ is the testsetand ° ni³ x is the indicator function—it returns1 if ³ is true and0

otherwise.

In this thesis,we usebatchsupervisedlearningalgorithmsfor decisiontrees,decision

stumps,NaiveBayes,andneuralnetworks.Wedefineeachof thesenow.

2.1.1 DecisionTreesand DecisionStumps

A decisiontreeis a treestructureconsistingof nonterminalnodes,leafnodes,andarcs.

An exampleof a decisiontreethatmaybeproducedin our examplecredit-carddomainis

depictedin Figure2.1. Eachnonterminalnoderepresentsa teston an attributevalue. In

theexampledecisiontree,thetop node(calledtheroot node)testswhethertheexampleto

beclassifiedhasanincomeattributevaluethat is lessthan$50000.If it doesnot, thenwe

go down theright arc,wherewe seea leaf nodethatsays“NO.” A leaf nodecontainsthe

classificationto be returnedif we reachit. In this case,if the incomeis at least$50000,

thenwe do not examineany otherattributevaluesandwe predictthat thepersonwill not

defaultonhiscreditcard.If theincomeis lessthan$50000,thenwegodown theleft arcto

thenext nonterminalnode,whichtestswhethertheaveragedaily checkingaccountbalance

is lessthan$500. If it is, thenwe predict that the personwill default on his credit card,
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balance < $500
Average daily checking

YES NO

Income < $50000

NO

YES

NOYES

NO

Figure2.1: An exampleof adecisiontree.

otherwisewepredictthathewill not default. Notethatthis treeneverexaminesa person’s

total savings.

Decisiontreesareconstructedin atop-downmanner. A decisiontreelearningalgorithm

(ID3) is shown in Figure2.2. If all theexamplesareof thesameclass,thenthealgorithm

just returnsa leafnodeof thatclass.If therearenoattributesleft with which to constructa

nonterminalnode,thenthealgorithmhasto returnaleafnode.It returnsaleafnodelabeled

with theclassmostfrequentlyseenin the trainingset. If noneof theseconditionsis true,

thenthealgorithmfindstheoneattributevaluetestthatcomesclosestto splitting theentire

trainingsetinto groupssuchthateachgrouponly containsexamplesof oneclass.When

suchanattributeis selected,thetrainingsetis split accordingto thatattribute. That is, for

eachvalue ³ of theattribute,a trainingset ´?µ is constructedsuchthatall theexamplesin ´?µ
have value ³ for thechosenattribute. Thelearningalgorithmis calledrecursively on each

of thesetrainingsets.
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DecisionTree Learning(
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� < � � .
elseif ¸ �²¸hI»º ,

returna leafnodelabeled¼�½�¾ª¿R¼*À@ÁÃÂ�Ä Å�Ä�ÇÆ < 9�2 � ��� � I»È>8 .
else 
ÉIËÊE"Ã'*'hÌ*. Í².CÌC, �Î,�,�$���
AÏ6,/.&2 � 5��:8

Set ,�$ª.C. to beanonterminalnodewith test 
 .
for eachvalue Ð of attribute 
 ,, µ IÒÑ
for eachexample

��� U � ,Ð²I � ��� 	
Add example

���
to set , µ .

for eachvalue Ð of attribute 
 ,ÌCÏ�
A,�$h.Z.ÓI»ÔÕ.>È���ÌC�i'*% � $ª.C. !d.C�($�%-�+%���2�, µ 5��»Ö×
08
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Figure2.2: DecisionTreeLearningAlgorithm. This algorithmtakesa training set

�
, attribute

set � , goalattribute � , anddefault class� asinputsandreturnsa decisiontree.
� �

denotesthe � th
trainingexample,

� ��� 	
denotesexample � ’s valuefor attribute 
 , and

� ��� �
denotesexample � ’s value

for thegoalattribute � .
A decisionstumpis a decisiontreethat is restrictedto having only onenonterminal

node. That is, thedecisiontreealgorithmis usedto find theoneattribute testthatcomes

closestto splitting all the training datainto groupsof examplesof the sameclass. One

branchis constructedfor eachvalueof theattribute,anda leaf nodeis constructedat the

end of that branch. The training set is split into groupsaccordingto the value of that

attributeandeachgroupis attachedto theappropriateleaf. Theclasslabelmostfrequently

seenin eachgroupis theclasslabelassignedto thecorrespondingleaf.
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2.1.2 NaiveBayes

Bayes’s theoremtells us how to optimally predict the classof an example. For an

example� , weshouldpredicttheclass̈ thatmaximizesman�Ø p ¨ s ÙÚp � x p man�Ø p ¨�x m{n ÙÚp � s Ø p ¨�xman Ù�p � x �
Define o to be the setof attributes. If all the attributesare independentgiven the class,

thenwe canrewrite man ÙÛp � s Ø p ¨�x as Ü Ä Ý�Ä� Æ < man Ù � p � � � �>s Ø p ¨�x , where� ����� is the y th
attributevalueof example� . Eachof theprobabilitiesm{niØ p ¨�x and man Ùg�kp � �Þ�A�Cs Ø p ¨�x
for all classesØ andall possiblevaluesof all attributesÙg� is estimatedfrom atrainingset.

For example,man Ùg�ßp � �����>s Ø p ¨�x would bethefractionof class-̈ trainingexamplesthat

have � ���A� astheir y th attributevalue.Estimatingm{n ÙÛp � x is unnecessarybecauseit is the

samefor all classes;therefore,we ignoreit. Now wecanreturntheclassthatmaximizesman�Ø p ¨�x Ä Ý�Äà� Æ < m{n Ùa�kp � ����� s Ø p ¨�xC� (2.1)

This is known asthe Naive Bayesclassifier. The algorithmthat we useis shown in Fig-

ure2.3.For eachtrainingexample,wejustincrementtheappropriatecounts:� is thenum-

berof trainingexamplesseensofar, � � is thenumberof examplesin class̈ , and � � � �������
is thenumberof examplesin class̈ having � �Þ�A� astheir valuefor attribute y . m{niØ p ¨�x
is estimatedby

D-áD and,for all classes̈ andattribute values� ���A� , man Ùg��p � ����� s Ø p ¨�x
is estimatedby

D-áAâ ã �����D á . Thealgorithmreturnsa classificationfunction that returns,for an

example� , theclass̈ thatmaximizes� �� Ä Ý�Äà� Æ < � � � �������� � �
Every factorin this equationestimatesits correspondingfactorin Equation2.1.

2.1.3 Neural Networks

The multilayer perceptronis the most commonneuralnetwork representation.It is

oftendepictedasa directedgraphconsistingof nodesandarcs—anexampleis shown in
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Naive-Bayes-Learning(
�

, � )

for eachtrainingexample 2��=5?�38äU � ,

Increment

Increment
 �
for �OU·;(W�57X150B0B0B*5��ßG

Increment
�� � �������
return "t2���8åIÒ¼�½�¾ª¿æ¼*À � ®�ç D-áDéè Ý� Æ < D-áAâ ã �����D-á

Figure2.3: Naive BayesLearningAlgorithm. This algorithmtakesa trainingset
�

andattribute
set � asinputsandreturnsa Naive Bayesclassifier. 
 is thenumberof trainingexamplesseenso
far, 
ß� is thenumberof examplesin class� , and 
�� � � ����� is thenumberof examplesin class� that

have �=���A� astheir valuefor attribute � .
Figure2.4. Eachcolumnof nodesis a layer. The leftmost layer is the input layer. The

inputsof anexampleto beclassifiedareenteredinto the input layer. Thesecondlayer is

thehiddenlayer. Thethird layeris theoutputlayer. Informationflowsfrom theinput layer

to thehiddenlayer to theoutputlayervia a setof arcs.Notethat thenodeswithin a layer

arenot directly connected.In our example,every nodein onelayer is connectedto every

nodein thenext layer, but this is not requiredin general.Also, a neuralnetwork canhave

moreor lessthanonehiddenlayerandcanhaveany numberof nodesin eachhiddenlayer.

Eachnon-inputnode,its incomingarcs,andits singleoutgoingarcconstituteaneuron,

which is thebasiccomputationalelementof a neuralnetwork. Eachincomingarcmulti-

pliesthevaluecomingfrom its origin nodeby theweightassignedto thatarcandsendsthe

resultto thedestinationnode. Thedestinationnodeaddsthevaluespresentedto it by all

theincomingarcs,transformsit with anonlinearactivationfunction(to bedescribedlater),

andthensendstheresultalongtheoutgoingarc.For example,theoutputof ahiddennodeê0ë in our exampleneuralnetwork isê0ë pYì íî Ä Ý�Ä­ �ÇÆ <Pï � < ���� ë � ��ðñ
where ï ��ò0���� ë is theweighton thearcin the ó th layerof arcsthatgoesfrom unit � in the ó th
layer of nodesto unit ô in the next layer (so ï � < ���� ë is the weight on thearc that goesfrom
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Figure2.4: An exampleof amultilayerfeedforwardperceptron.

input unit � to hiddenunit ô ) and ì is a nonlinearactivation function. A commonlyused

activationfunctionis thesigmoidfunction:ì niy xÉõ ~~F¢eö*�ø÷ln7ù�y x �
Theoutputof anoutputnodë ë is¨ ë púìüû£ý­ �þÆ <Pï � _ ��¶� ë ê �4ÿ
where � is the numberof hiddenunits. The outputsare clearly nonlinearfunctionsof

theinputs.Neuralnetworksusedfor classificationproblemstypically have oneoutputper

class.Theexampleneuralnetwork depictedin Figure2.4 is of this type. Theoutputslie

in the range � q v ~�� . Eachoutputvalue is a measureof the network’s confidencethat the

examplepresentedto it is a memberof that output’s correspondingclass. Therefore,the

classcorrespondingto thehighestoutputvalueis returnedastheprediction.

Neuralnetwork learningperformsnonlinearregressiongivena trainingset. Themost

widely usedmethodfor settingthe weightsin a neuralnetwork is the backpropagation
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algorithm(Bryson& Ho, 1969;Rumelhart,Hinton,& Williams, 1986).For eachtraining

examplein the training set,its inputsarepresentedto the input layer of thenetwork and

thepredictedoutputsarecalculated.Thedifferencebetweeneachpredictedoutputandthe

correspondingtargetoutputis calculated.This error is thenpropagatedbackthroughthe

network and the weightson the arcsof the networks areadjustedso that if the training

exampleis presentedto the network again, then the error would be less. The learning

algorithm typically cycles throughthe training set many times—eachcycle is called an

epoch in theneuralnetwork literature.

2.2 EnsembleLearning

2.2.1 Moti vation

As we discussedin Chapter1, ensemblesarecombinationsof multiple basemodels,

eachof whichmaybeatraditionalmachinelearningmodelsuchasadecisiontreeor Naive

Bayesclassifier. Whena new exampleis to beclassified,it is presentedto theensemble’s

basemodelsandtheir outputsarecombinedin somemanner(e.g.,voting or averaging)to

yield theensemble’sprediction.Intuitively, wewouldliketo havebasemodelsthatperform

well anddo not make highly-correlatederrors.We canseethe intuition behindthis point

graphicallyin Figure2.5. The goal of the learningproblemdepictedin the figure is to

separatethe positive examples(’+’) from the negative examples(’-’). The figure depicts

an ensembleof threelinear classifiers.For example,line C classifiesexamplesabove it

asnegative examplesandexamplesbelow it aspositive examples.Note that noneof the

threelines separatesthe positive and negative examplesperfectly. For example, line C

misclassifiesall thepositiveexamplesin thetop half of thefigure. Indeed,no straightline

canseparatethepositiveexamplesfrom thenegativeexamples.However, theensembleof

threelines,whereeachline getsonevote,correctlyclassifiesall theexamples—forevery

example,at leasttwo of the threelinear classifierscorrectlyclassifiesit, so the majority

is alwayscorrect. This is the resultof having threevery differentlinear classifiersin the

ensemble.This exampleclearly depictsthe needto have basemodelswhoseerrorsare

not highly correlated. If all the linear classifiersmake mistakes on the sameexamples
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Figure2.5: An ensembleof linearclassifiers.Eachline A, B, andC is a linearclassifier.
The boldfaceline is the ensemblethat classifiesnew examplesby returningthe majority
voteof A, B, andC.

(for exampleif the ensembleconsistedof threecopiesof line A), then a majority vote

over the lineswould alsomake mistakeson thesameexamples,yielding no performance

improvement.

Anotherway of explaining thesuperiorperformanceof the ensembleis that theclass

of ensemblemodelshasgreaterexpressivepower thantheclassof individualbasemodels.

Wepointedoutearlierthat,in thefigure,nostraightline canseparatethepositiveexamples

from thenegative examples.Our ensembleis a piecewise linearclassifier(thebold line),

which is able to perfectly separatethe positive andnegative examples. This is because

theclassof piecewiselinearclassifiershasmoreexpressivepower thantheclassof single

linearclassifier.

Theintuition thatwe have just describedhasbeenformalized(Tumer& Ghosh,1996;

Tumer, 1996).Ensemblelearningcanbejustified in termsof thebiasandvarianceof the

learnedmodel. It hasbeenshown that,asthecorrelationsof theerrorsmadeby thebase

modelsdecrease,the varianceof the error of the ensembledecreasesandis lessthanthe
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varianceof the error of any singlebasemodel. If � ����� is the averageadditionalerror of

the basemodels(beyond the Bayeserror, which is the minimum possibleerror that can

beobtained),� � µ�����	� is theadditionalerrorof anensemblethatcomputestheaverageof the

basemodels’outputs,and 
 is theaveragecorrelationof theerrorsof thebasemodels,then

TumerandGhosh(1996)haveshown that� � µ�����	� p ~Ó¢�
=n�� ùY~ x� � ���	� v
where � is the numberof basemodelsin the ensemble.The effect of the correlations

of theerrorsmadeby thebasemodelsis madeclearby this equation.If thebasemodels

alwaysagree,then 
 p ~ ; therefore,theerrorsof theensembleandthebasemodelswould

bethesameandtheensemblewouldnotyield any improvement.If thebasemodels’errors

areindependent,then 
 prq , whichmeanstheensemble’serroris reducedby afactorof �
relative to thebasemodels’errors. It is possibleto do evenbetterby having basemodels

with anti-correlatederrors.If 
 p <` [ < , thentheensemble’serrorwouldbezero.

Ensemblelearningcanbeseenasatractableapproximationto full Bayesianlearning.In

full Bayesianlearning,thefinal learnedmodelis amixtureof avery largesetof models—

typically all modelsin a given family (e.g.,all decisionstumps). If we are interestedin

predictingsomequantity Ø , andwe have a setof models� � anda trainingset   , thenthe

final learnedmodelism{niØ s   x p ­ � m{niØ s � � x man�� � s   x p ­ � m{niØ s � � x man+  s � � x man�� � xman+  x �
Full Bayesianlearningcombinestheexplanatorypowerof all themodels( man�Ø s � � x ) weighted

by theposteriorprobabilityof themodelsgiventhe trainingset( m{n�� � s   x ). However, full

Bayesianlearningis intractablebecauseit usesa very large(possiblyinfinite) setof mod-

els.Ensemblescanbeseenasapproximatingfull Bayesianlearningby usingamixtureof a

smallsetof themodelshaving thehighestposteriorprobabilities( m{n�� � s   x ) or highestlike-

lihoods( m{n�  s � � x ). Ensemblelearningliesbetweentraditionallearningwith singlemodels

andfull Bayesianlearningin thatit usesanintermediatenumberof models.
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2.2.2 EnsembleLearning Algorithms

Theensembleexampleshownin Figure2.5isanartificialexample.Wenormallycannot

expect to get basemodelsthat make mistakeson completelyseparatepartsof the input

spaceand ensemblesthat classify all the examplescorrectly. However, thereare many

algorithmsthat attemptto generatea pool of basemodelsthat make errors that are as

uncorrelatedas possible. Methodssuchas bagging(Breiman,1994), boosting(Freund

& Schapire,1996)< , andcross-validationpartitioning (Krogh & Vedelsby, 1995; Tumer

& Ghosh,1996)promotediversityby presentingeachbasemodelwith a differentsubset

of training examplesor differentweight distributionsover the examples.The methodof

error-correctingoutputcodes(Dietterich& Bakiri, 1995)presentseachbasemodelwith the

sametraining inputsbut differentlabels—foreachbasemodel,thealgorithmconstructsa

randompartitioningof the labelsinto two new labels. The training datawith new labels

areusedto train thebasemodels.Input Decimation(Oza& Tumer, 1999,2001;Tumer&

Oza,1999)andStochasticAttributeSelectionCommittees(SASC)(Zheng& Webb,1998)

insteadpromotediversity by presentingeachbasemodelwith a differentsubsetof input

features.SASCpresentseachbasemodel(the numberof basemodelsis determinedby

hand)with a randomsubsetof features.Input Decimationusesasmany basemodelsas

thereareclassesandtrainseachbasemodelusinga subsetof featureshaving maximum

correlationwith thepresenceor absenceof its correspondingclass.However, in bothSASC

andInput Decimation,all trainingpatternsareusedwith equalweightto train all thebase

models.

Themethodswe have just discussedaredistinguishedby their methodsof trainingthe

basemodels.We canalsodistinguishmethodsby theway they combinetheir basemod-

els.Majority voting is oneof themostbasicmethodsof combining(Battiti & Colla,1994;

Hansen& Salamon,1990)and is the methodusedin bagging. If the classifiersprovide

probabilityvalues,simpleaveragingis aneffective combiningmethodandhasreceiveda

lot of attention(Lincoln & Skrzypek,1990; Perrone& Cooper, 1993; Tumer& Ghosh,

1996). Weightedaveraginghasalso beenproposedand different methodsfor comput-

ing theweightsof theclassifiershave beenexamined(Benediktsson,Sveinsson,Ersoy, &�
We explainbaggingandboostingin moredetail laterin this chapter.
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Swain, 1994;Hashem& Schmeiser, 1993;Jacobs,1995;Jordan& Jacobs,1994;Lincoln

& Skrzypek,1990;Merz, 1999). Boostingusesa weightedaveragingmethodwhereeach

basemodel’s weightis proportionalto its classificationaccuracy. Thecombiningschemes

describedso far are linear combiningtechniques,which have beenmathematicallyana-

lyzed in depth(Breiman,1994; Hashem& Schmeiser, 1993; Perrone& Cooper, 1993;

Tumer& Ghosh,1996). Therearealsonon-linearensembleschemesincluderank-based

combining(Al-Ghoneim& Vijaya Kumar, 1995;Ho, Hull, & Srihari,1994),belief-based

methods(Rogova, 1994; Xu, Krzyzak, & Suen,1992; Yang& Singh,1994),andorder-

statisticcombiners(Tumer& Ghosh,1998;Tumer, 1996).

In this thesis,theensemblemethodsthatwe usearebaggingandboosting,which we

explainnow.

Bagging

BootstrapAggregating (bagging)generatesmultiple bootstraptraining setsfrom the

original training set and useseachof them to generatea classifierfor inclusion in the

ensemble.The algorithmsfor bagginganddoing the bootstrapsampling(samplingwith

replacement)areshown in Figure2.6. To createa bootstraptraining set from a training

setof size � , we perform � Multinomial trials, wherein eachtrial, we draw oneof the� examples.Eachexamplehasprobability ~ª�*� of beingdrawn in eachtrial. Thesecond

algorithmshown in Figure2.6doesexactlythis—� times,thealgorithmchoosesanumber� from 1 to � andaddsthe � th trainingexampleto thebootstraptrainingset ¬ . Clearly,

someof the original training exampleswill not be selectedfor inclusionin the bootstrap

training setandotherswill be chosenonetime or more. In bagging,we create� such

bootstraptrainingsetsandthengenerateclassifiersusingeachof them.Baggingreturnsa

function �ån�� x thatclassifiesnew examplesby returningtheclass̈ thatgetsthemaximum

numberof votesfrom thebasemodels� <Cv � _�v*�����*v � ` . In bagging,the � bootstraptraining

setsthatarecreatedarelikely to have somedifferences.If thesedifferencesareenoughto

inducenoticeabledifferencesamongthe � basemodelswhile leaving their performances

reasonablygood, then the ensemblewill probablyperform better than the basemodels

individually. (Breiman,1996a)definesmodelsasunstableif differencesin their training
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Bagging(
�

,  )

For each) I�W�57X150B0B0B*57 ,��T I�
 �&)�b���. �Ë�i,/" �E.?b��4�&È0.0)g.>%-,j2 � 5�
·8" T I»! 	 2 ��T 8
Return "�� ��� 2��-8åI»¼�½�¾ª¿R¼*À � ®*ç Â `T Æ < 962�" T 2��-8åI}�38

SampleWith Replacement(
�

, 
 )
×IÒÑ
For ��I�W�57X150B0B0B*5�
 ,$ßI}$h�(%��&'Z) �+%-,?.j�1.>$ø2/W�5�
�8

Add
� J $*S to 
 .

Return 
 .

Figure2.6: BatchBaggingAlgorithm andSamplingwith Replacement:
�

is theoriginal training
setof 
 examples, is thenumberof basemodelsto be learned,! 	 is thebasemodellearning
algorithm,the " � ’s aretheclassificationfunctionsthat take a new exampleasinput andreturnthe
predictedclassfrom thesetof possibleclasses

#
, $h�(%��&'Z) �+%-,?.j�1.>$ø24�657
08 is a functionthatreturns

eachof theintegersfrom � to 
 with equalprobability, and 9�24�:8 is theindicatorfunctionthatreturns
1 if event � is trueand0 otherwise.

setstendto inducesignificantdifferencesin the modelsandstableif not. Anotherway

of statingthis is that baggingdoesmore to reducethe variancein the basemodelsthan

thebias,sobaggingperformsbestrelative to its basemodelswhenthebasemodelshave

high varianceandlow bias.He notesthatdecisiontreesareunstable,which explainswhy

baggeddecisiontreesoften outperformindividual decisiontrees;however, Naive Bayes

classifiersarestable,whichexplainswhy baggingwith NaiveBayesclassifierstendsnot to

improveuponindividualNaiveBayesclassifiers.

Boosting

The AdaBoostalgorithm, which is the boostingalgorithm that we use,generatesa

sequenceof basemodelswith differentweightdistributionsover thetrainingset.TheAd-

aBoostalgorithmis shown in Figure2.7. Its inputsareasetof � trainingexamples,abase

modellearningalgorithm ¦ 	 , andthenumber� of basemodelsthatwe wish to combine.



21

AdaBoost( ;&2�� < 5?� < 8A50B0B0BC5C2�� D 5?� D 87Gª5�! 	 57 )

Initialize Ô < 2�%t8lI�W���
 for all %·U�;(W�57X150B0B0B*5�
×G .
For ) I�W�57X150B0B0B*57 :" T I»! 	 2�;&2���<>5?�@<�8A50B0B0BZ5C2���Dß5?�(DÓ87Gª5�Ô T 8 .

Calculatetheerrorof " T�����T I Â ��� ��� � ��� �! Æ � � Ô T 2�%t8 .
If
��T�" W���X then,

set  I»)VÖ W andabortthis loop.

Updatedistribution Ô T :

Ô T u <Z2�%t8 I»Ô T 2�%t8$# %&(' <_ � < [*)+� � if " T 2�� � 8 I}� �<_ ) � otherwise

Output thefinal hypothesis:"*� ��� 2���8åI»¼�½7¾ª¿æ¼*À � ®*ç Â T � ��� � � � Æ � �4'Z� < [*) �),� B
Figure2.7: AdaBoostalgorithm: ;&2��=<>5?�@<�8A50B0B0BC5C2���DE5?�(DF87G is the setof training examples,! 	 is
thebasemodellearningalgorithm,and  is thenumberof basemodelsto begenerated.

AdaBoostwasoriginally designedfor two-classclassificationproblems;therefore,for this

explanationwewill assumethattherearetwo possibleclasses.However, AdaBoostis reg-

ularly usedwith a larger numberof classes.The first stepin Adaboostis to constructan

initial distribution of weights - < over the trainingset. Thefirst distribution in AdaBoost

is onethatassignsequalweight to all � trainingexamples.We now enterthe loop in the

algorithm.To constructthefirst basemodel,wecall ¦ 	 with distribution - < over thetrain-

ing set._ After gettingbacka hypothesis� < , we calculateits error � < on the training set

itself, which is just thesumof theweightsof the training examplesthat � < misclassifies.

We requirethat � < � ~ª� � (this is theweaklearningassumption—theerrorshouldbe less

thanwhatwewouldachievethroughrandomlyguessingtheclass)—ifthisconditionis not

satisfied,thenwestopandreturntheensembleconsistingof thepreviously-generatedbase

models.If thisconditionis satisfied,thenwecalculateanew distribution - _ overthetrain-

ing examplesasfollows. Examplesthatwerecorrectlyclassifiedby � < have their weights.
If /10 cannottake a weightedtrainingset,thenonecancall it with a trainingsetgeneratedby sampling

with replacementfrom theoriginal trainingsetaccordingto thedistribution 243 .
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multipliedby <_ � < [*)!5 � . Examplesthatweremisclassifiedby � < havetheirweightsmultiplied

by <_ )!5 . Note that,becauseof our condition � < � ~ª� � , correctlyclassifiedexampleshave

their weightsreducedandmisclassifiedexampleshave their weightsincreased.Specifi-

cally, examplesthat � < misclassifiedhave their totalweightincreasedto ~h� � under - _ and

examplesthat � < correctlyclassifiedhave their total weight reducedto ~ª� � under - _ . We

thengo into thenext iterationof theloop to constructbasemodel � _ usingthetrainingset

andthenew distribution - _ . We construct� basemodelsin this fashion.Theensemble

returnedby AdaBoostis a functionthattakesa new exampleasinput andreturnstheclass

thatgetsthemaximumweightedvoteover the � basemodels,whereeachbasemodel’s

weight is �+� ì n < [*),�),� x , which is proportionalto thebasemodel’s accuracy on the weighted

trainingsetpresentedto it.

Clearly, the heartof AdaBoostis the distribution updatingstep. The idea behindit

is as follows. We can seefrom the algorithm that � T is the sum of the weightsof the

misclassifiedexamples.Themisclassifiedexamples’weightsaremultipliedby <_ )+� , sothat

thesumof their weightsis increasedto � T76 <_ ),� p <_ . Thecorrectlyclassifiedexamples

startout having total weight ~ßùË� T , but their weightsaremultiplied by <_ � < [*),� � , therefore,

the sumof their weightsdecreasesto n�~Où¡� T x 6 <_ � < [*),� � p <_ . The point of this weight

adjustmentis that thenext basemodelwill begeneratedby a weaklearner(i.e., thebase

modelwill haveerrorlessthan ~ª� � ); therefore,at leastsomeof theexamplesmisclassified

by thepreviousbasemodelwill have to belearned.

Boostingdoesmore to reducebias thanvariance. For this reason,boostingtendsto

improveuponits basemodelsmostwhenthey have high biasandlow variance.Examples

of suchmodelsareNaive Bayesclassifiersanddecisionstumps(decisiontreesof depth

one). Boosting’s bias reductioncomesfrom the way it adjustsits distribution over the

training set. The examplesthat a basemodelmisclassifieshave their weightsincreased,

causingthe basemodellearningalgorithmto focusmoreon thoseexamples.If the base

modellearningalgorithmis biasedagainstcertaintraining examples,thoseexamplesget

more weight, yielding the possibility of correctingthis bias. However, this methodof

adjustingthe trainingsetdistribution causesboostingto have difficulty whenthe training

datais noisy (Dietterich,2000). Noisy examplesarenormallydifficult to learn. Because

of this, the weightsassignedto the noisy examplestend to be higher than for the other



23

examples,often causingboostingto focustoo muchon thosenoisy examplesandoverfit

thedata.

2.3 Online Learning

Online learningis theareaof machinelearningconcernedwith learningeachtraining

exampleonce(perhapsasit arrives)andnever examiningit again.Onlinelearningis nec-

essarywhendataarrivescontinuouslysothat it maybeimpracticalto storedatafor batch

learningor whenthedatasetis largeenoughthatmultiplepassesthroughthedatasetwould

taketoo long. An onlinelearningalgorithm ¦ c takesasits inputacurrenthypothesis� and

a new trainingexample n�� vj¨�x . Thealgorithmreturnsa new hypothesisthat is updatedto

reflectthenew example.Clearly, anonlinelearningalgorithmcanbeusedwhereverabatch

algorithmis requiredby simply calling theonlinealgorithmoncefor eachexamplein the

trainingset.A losslessonline learningalgorithmis analgorithmthatreturnsa hypothesis

identical to what its correspondingbatchalgorithmwould returngiven the sametraining

set.

Someresearchershave developedonline algorithmsfor learningtraditionalmachine

learningmodelssuchasdecisiontrees—inthis thesis,we usethe losslessonlinedecision

tree learningalgorithmof (Utgoff, Berkman,& Clouse,1997). Given an existing deci-

sion treeanda new example,this algorithmaddsthe exampleto the examplesetsat the

appropriatenonterminalandleaf nodesandthenconfirmsthatall theattributesat thenon-

terminalnodesandtheclassat theleaf nodearestill thebest.If any of themarenot, then

they areupdatedandthe subtreesbelow themarerechecked asnecessary. Naive Bayes

modellearningis performedthesameway in onlineandbatchmodes,soonline learning

is clearly lossless.Batchneuralnetwork learningis oftenperformedby makingmultiple

passes(known in theliteratureasepochs) throughthedatawith eachtrainingexamplepro-

cessedoneat a time. Soneuralnetworkscanbelearnedonlineby simplymakingonepass

throughthedata.However, therewould clearlybesomelossassociatedwith only making

onepassthroughthedata.

Two online algorithmsthathave beenwell-analyzedin the theoreticalmachinelearn-
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Initial conditions:For all �PU{;(W�50B0B0BZ57 úG , 8 � I�W .
Weighted-Majority ( � )

For ��I�W�50B0B0BZ57 ,� � IË" � 2���8 .
If Â �+� �	9 Æ < 8 � " Â �+� �	9 Æ;: 8 � , thenreturn1, elsereturn0.

If thetargetoutput � is notavailable,thenexit.

For ��I�W�50B0B0BZ57 ,

If � �=<I}� then 8 �?>A@ 9_ .

Figure2.8: WeightedMajority Algorithm: H IfJ H L H N B0B0B�H Q S is thevectorof weightscorre-
spondingto the  predictors,� is the latestexampleto arrive, � is the correctclassificationof
example� , the � � arethepredictionsof theexperts " � .
ing literaturearetheWeightedMajority Algorithm (Littlestone& Warmuth,1994)andthe

Winnow Algorithm (Littlestone,1988)(see(Blum, 1996)for a brief review of thesealgo-

rithms). Both theWeightedMajority andWinnow algorithmsmaintainweightson several

predictorsandincreaseor decreasetheirweightsdependingonwhethertheindividualpre-

dictorscorrectlyclassifyor misclassify, respectively, thetrainingexamplecurrentlybeing

considered.For example,Figure2.8 containsthe WeightedMajority algorithmaslisted

in (Blum, 1996).

Thefirst stepin thealgorithmis an initialization stepthat is only performedonce—it

setsthe weights ï � of all the predictorsto 1. The remainingstepsare performedonce

for eachtraining exampleasit arrives. First, the algorithmcalculatesthe predictionsof

eachpredictoron the new example � . The ensemble’s predictionis thenreturned—itis

theclassthatgetsthemaximumtotal weightedvoteoverall thepredictors.Eachpredictor

that makesa mistake on that examplehasits weight reducedin half. WeightedMajority

andWinnow haveshown promisein thefew empiricalteststhathavebeenperformed(e.g.,

(Armstrong,Freitag,Joachims,& Mitchell, 1995;Blum, 1997)). Thesealgorithmshave

alsobeenproven to performnot muchworsethanthe bestindividual predictor. For ex-

ample,given a sequenceof training examplesandthe pool of predictorsB , if thereis a

predictorthatmakesat most � mistakes,thentheWeightedMajority algorithmwill make
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at most C&n��+� ìås o s ¢ � x mistakes,where C is a constant.This is not surprising,sincewe

would expect the badpredictorsto make many moremistakes thanthe goodpredictors,

leadingto muchlowerweightsfor thebadpredictors.Eventuallyonly thegoodpredictors

would influencethepredictionof theentiremodel.

Work in universalprediction(Merhav & Feder, 1998;Singer& Feder, 1999)hasyielded

algorithmsthatproducecombinedpredictorsthatalsoareprovenin theworstcaseto per-

formnotmuchworsethanthebestindividualpredictor. Additionally, SingerandFeder(1999)

discussauniversallinearpredictionalgorithmthatproducesaweightedmixtureof sequen-

tial linear predictors.Specifically, universalpredictionis concernedwith the problemof

predictingthe ´ th observation �D� ´E� giventhe ´åù ~ observations�D�þ~�� v �D� � � v*�����*v �D��´lù ~F� seen

sofar. Wewould liketo useamethodthatminimizesthedifferencebetweenourpredictionG�D� ´E� andtheobservedvalue �D� ´E� . A linearpredictorof theform
G�IH*� ´E� pKJ H ë Æ < C �ML [ < �H � ë �D� ´Pù«ôN�

canbeused,where÷ is theorder(thenumberof pastobservationsusedto make a predic-

tion) and C �ML [ < �H � ë for ôezV|3~ v>�6v*�����>v ÷ � arecoefficientsobtainedby minimizing the sumof

squareddifferencesbetweentheprevious ´ ùe~ observationsandpredictions:J L [ <ë Æ < n+�D� ôO�6ùG�D� ôN� x _ pPJ L [ <ë Æ < n��D� ôO�=ù J H ò Æ < C L [ <H � ò �D� ôOùeó*� x _ . Usinga ÷ th-orderlinearpredictorrequiresus

to selecta particularorder ÷ , which is normallyvery difficult. This motivatestheuseof a

universalpredictor
G�RQ , whichyieldsaperformance-weightedcombinationof theoutputsof

eachof thedifferentsequentiallinearpredictorsof orders1 throughsome� :G�RQS� ´E� p `­ ò Æ <UT ò ��´E� G� ò � ´E� v
where

T ò ��´E� p ö*�ø÷ln�ù <_ Á � L [ < n�� v G� ò xAxJ `ë Æ < ö*�ø÷ln7ù <_ Á � L [ < n+� v G� ë x�x v� L n�� v G� ò x p L­ V Æ < n+�D� ´E��ù G� ò � ´E� x _ �
Wecancomparetheuniversalpredictorto thefull Bayesianmodelshown in Equation2.2.T ò ��´E� is theuniversalpredictor’s versionof m{niØ s � � x , i.e., T ò ��´E� is a normalizedmeasureof

thepredictiveperformanceof the ó th-ordermodel,justas man�Ø s � � x is anormalizedmeasure

of theperformanceof hypothesis� � . Thesemeasuresareusedto weightthemodelsbeing

combined.
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Theuniversalpredictoris aspecialcaseof thefull Bayesianmodelbecauseof thespe-

cial structureof thepredictorsbeingcombined.Specifically, thesequentiallinearpredictors

usedin auniversalpredictorhavemuchin common,sothatthey canbecomputedin atime-

recursiveandorder-recursive manner(see(Singer& Feder, 1999)for thealgorithm).This

recursive naturemeansthat the complexity of the universalpredictionalgorithmis onlyW n�� � x , where � is the total lengthof thesequence� . The full Bayesianlearneris more

generalin that its modelsneednot have sucha structure—theonly requirementis thatthe

models� � in thehypothesisclassbemutuallyexclusivesuchthat J � man�� � s   x p ~ . There-

fore, the complexity of the full Bayesianlearnercould, in the worst case,be the number

of modelsmultiplied by thecomplexity of learningeachmodel. Most ensemblesalsodo

not havesucha structureamongtheir basemodels.For example,in ensemblesof decision

treesor neuralnetworks, thereis no recursive structureamongthe different instancesof

the models;thereforethe complexity of the learningalgorithmis the numberof models

multiplied by thecomplexity of eachbasemodel’s learningalgorithm.

ThereadermayhavenoticedthatWeightedMajority, Winnow, andtheuniversalpredic-

tion algorithmjust describedmaybe thoughtof asensemblelearningalgorithmsbecause

they combinemultiple predictors.Ensemblelearningalgorithmsgenerallyperformbetter

thantheir basemodels;therefore,onemaywonderwhy WeightedMajority, Winnow, and

the universalpredictionalgorithm are only proven to have error that is at most slightly

worsethanthe bestpredictor. This is becausethey do not attemptto bring aboutdiver-

sity amongtheir predictorsthe way ensemblealgorithmsdo. Many ensemblealgorithms

requiretheir basemodelsto usedifferentinput features,outputs,trainingexamples,distri-

butionsover trainingexamples,or initial parametersto bring aboutdiversity. On theother

hand,WeightedMajority, Winnow, andtheuniversalpredictionalgorithmdo not assume

thatthereareany differencesin theirpredictors.Withoutany wayto reducethecorrelations

in theerrorsmadeby thepredictors,thesealgorithmsareunableto guaranteeperformance

betterthanany individualpredictors.
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Breiman(
�

,  , 
 	 )
for ) I�W�50B0B0BZ57 ,

Initialize .ÓIÒº@5?,åIÒº@5 ��T IÒÑ .
Do until ¸ ��T ¸(I»
 	 ,

Getthenext trainingexample 2��t5?�ø8 in
�

., > ,UX»W .
If ) I�W or � <I»¼�½�¾ª¿R¼*À Á3Â TÎ[ <�ÇÆ < 962�" � 2��-8åI»È>8 ,
thenadd 2��=5?�38 to

� T
and . > .=X»W ,

elseadd 2��=5?�38 to
� T

with probability
�ZY\[ � T �< [ � Y][ � T � , where

if ) I�W
then . ÅS^ 2/WC8åI � L ,
else . ÅS^ 2�)a8åI»º@BM_\`h. ÅS^ 2�)VÖ WC8UXüº@B¹X]` � L ." T I»! 	 2 � T 8 .

return "�� ��� 2��-8åI}¼�½�¾ª¿æ¼*À � Â `T Æ < 9�2�" T 2��-8åI}�38
Figure2.9: Breiman’s blockedensemblealgorithm:Amongtheinputs,

�
is thetrainingset,  is

thenumberof basemodelsto beconstructed,and 
 	 is thesizeof eachbasemodel’s trainingset
(
� T

for ) U ;(W�57X150B0B0BZ57 úG ). ! 	 is thebasemodellearningalgorithm, , is thenumberof training
examplesexaminedin theprocessof creatingeach

� T
and . is thenumberof theseexamplesthat

theensemblepreviously constructedbasemodels( "-<>50B0B0B>57" TÎ[ < ) misclassifies.

2.4 Online EnsembleLearning

Therehasbeensomerecentworkonlearningensemblesin anonlinefashion.Breiman(1999)

deviseda “blocked” onlineboostingalgorithmthat trainsthebasemodelsusingconsecu-

tive subsetsof trainingexamplesof somefixedsize.Thealgorithm’s pseudocodeis given

in Figure2.9. The usermay choose� —the numberof basemodels—tobe somefixed

valueor mayallow it to grow up to themaximumpossiblewhich is atmost s   s �*� 	 , where  is theoriginal trainingsetand � 	 is theuser-chosennumberof trainingexamplesused

to createeachbasemodel. For thefirst basemodel,thefirst � 	 training examplesin the

trainingset   areselected.To generatea trainingsetfor the � th basemodelfor � � ~ ,
thealgorithmdraws thenext trainingexamplefrom   andclassifiesit by unweightedvot-

ing over the �Úùr~ basemodelsgeneratedso far. If theexampleis misclassified,thenit
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Figure 2.10: Test Error Rates: Boosting
vs. BlockedBoostingwith decisiontreebase
models.
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Figure2.11:TestErrorRates:OnlineBoost-
ing vs. Blocked Boostingwith decisiontree
basemodels.

is includedin thenew basemodel’s trainingset   T ; otherwiseit is includedin   T with a

probabilityproportionalto thefractionof trainingexamplesdrawn for this modelthatare

misclassified( öª�(´ ) andthepreviousbasemodel’s error ö ÅS^ ni� ù ~ x (donefor thepurpose

of smoothing).Thismethodof selectingexamplesis donein orderto traineachbasemodel

usingatrainingsetin whichhalf theexampleshavebeencorrectlyclassifiedby theensem-

ble consistingof thepreviousbasemodelsandhalf have beenmisclassified.This process

of selectingexamplesis doneuntil � 	 exampleshave beenselectedfor inclusionin   T ,

at which time the basemodel learningalgorithm ¦ 	 is calledwith   T to get basemodel� T . Breiman’s algorithmreturnsa functionthatclassifiesa new exampleby returningthe

classthat receives the maximumnumberof votesover the basemodels � <0v � _�v������Zv � ` .

Breimandiscussesexperimentswith hisalgorithmusingdecisiontreesasbasemodelsand� 	 rangingfrom 100 to 800. His experimentswith onesyntheticdatasetshowedthat the

testerrordecreasedmorerapidlywhenusinglargersubsetsof trainingexamples.However,

eachtrainingexampleis only usedto updateonebasemodelandeachbasemodelis only

trainedwith � 	 examples,whichis arelatively smallnumber. It is generallynotclearwhen

this is sufficient to achieveperformancecomparableto a typicalbatchensemblealgorithm

in which all thetrainingexamplesareavailableto generateall of thebasemodels.

Figure 2.10 shows a scatterplotof the resultsof comparingAdaBoostto Breiman’s

blockedboostingalgorithmon thefirst eight UCI datasets(Table3.1) usedin theexperi-
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Figure2.12: TestError Rates:PrimedOn-
line Boostingvs. Blocked Boostingwith de-
cisiontreebasemodels.

mentsdescribedin Chapter3 andChapter4. This scatterplot,like the otheronesin this

thesis,comparesthe error on the testsetof two algorithms. Every point representsone

dataset.Thediagonalline containsthepointsat which theerrorsof thetwo algorithmsare

equal.In Figure2.10,thepointsabovetheline representexperimentsin whichboostinghad

a lower testseterrorthanblockedboosting.Pointsbelow theline representexperimentsin

whichblockedboostinghadthelowertestseterror. Figure2.11comparestheonlineboost-

ing algorithmwe presentin Chapter4 with the blocked boostingalgorithm. Figure2.12

shows the resultsof comparingour primedonline boostingalgorithmpresentedin Chap-

ter 4 with theblockedalgorithm. In our primedalgorithm,we train with the lesserof the

first 20% of the training setor the first 10000training examplesin batchmodeandtrain

with theremainderin onlinemode. In theblockedboostingalgorithm,eachdecisiontree

wastrainedwith 100examples( � 	 p ~ q@q ) exceptfor thePromotersdataset,which only

had84 training examples,so we used � 	 p © q . Overall, AdaBoostandboth our online

boostingandprimedonlineboostingalgorithmsperformbetterthantheblockedboosting

algorithm.

FernandGivan(2000)presentboth an online baggingalgorithmandonline boosting

algorithm.Their onlinebaggingalgorithmis shown in Figure2.13.This algorithmselects

eachnew training exampleto updateeachbasemodelwith someprobability ÷ that the

userfixesin advance. ¦ c is an online basemodellearningalgorithmthat takesa current
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Online-Bag( ]·I ;Z"�<>57"3_�50B0B0BZ57"Ã`aG , 2��=5?�38 ,b , !dc )
for ) I�W�50B0B0BZ57 ,

With probability b , do" T > !dc*2�" T 5C2��t5?�ø8?8 .
Figure2.13: Online Baggingalgorithm. ]eI¤;Z"�<Z57"3_�50B0B0BC57"6`gG is the setof basemodelsto be
updated, 2��t5?�ø8 is the next training example, b is the user-chosenprobability that eachexample
shouldbe includedin thenext basemodel’s trainingset,and !dc is theonlinebasemodellearning
algorithmthattakesabasemodelandtrainingexampleasinputsandreturnstheupdatedbasemodel.

hypothesisandtraining exampleasinput andreturnsa new hypothesisupdatedwith the

new example. In experimentswith varioussettingsfor ÷ anddepth-limiteddecisiontrees

as the basemodels,their online baggingalgorithm never performedsignificantly better

thana singledecisiontree. With low valuesof ÷ , theensembles’decisiontreesarequite

diversebecausetheir training setstend to be very different; however, eachtreegetstoo

few trainingexamples,causingeachof themto performpoorly. Highervaluesof ÷ allow

thetreesto getenoughtrainingdatato performwell, but their trainingsetshaveenoughin

commonto yield low diversityamongthetreesandlittle performancegainfromcombining.

Figure2.14 shows the resultsof comparingbatchbaggingto FernandGivan’s bagging

algorithmon severalUCI datasets.Figure2.15givesthe resultsof comparingour online

baggingalgorithmfrom Chapter3 to FernandGivan’salgorithmwith ÷ p¡q �ba , whichgave

themthe bestresultsin their tests. However, we allowed their algorithmto usedecision

treeswith no depthlimit in orderto allow for a fair comparison.As we mentionedearlier,

baggingtendsto work bestwith basemodelshaving highvarianceandlow bias.Therefore,

usingdecisiontreeswith no depthlimit would tendto work best.Both batchbaggingand

our onlinebaggingalgorithmperformcomparablyto FernandGivan’salgorithm.

FernandGivan’s online boostingalgorithmis an online versionof Arc-x4 (Breiman,

1996b). Arc-x4 is similar to AdaBoostexcept that whena basemodel � T is presented

with a training example, that exampleis given weight ~O¢ ïdc , where ï is the number

of previous basemodels � <Cv��*���Zv � T\[ < that have misclassifiedit. The pseudocodefor the

onlinealgorithmis shown in Figure2.16. In this algorithm,eachexampleis givenweight
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Figure2.14: TestError Rates:Baggingvs.
FixedFractionOnlineBaggingwith decision
treebasemodels.
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Figure2.15: TestError Rates:OnlineBag-
ging vs. FixedFractionOnlineBaggingwith
decisiontreebasemodels.

Online-Ar c-x4( ] I ;Z"-<>57"3_h50B0B0BC57"Ã`aG , 2��=5?�38 , !dc )
Initialize 8fe»º .
for gheji\kmlmlmlFk�n ,oNp >rqts\u oNp k u+v kEwIx�k�i$Xy8 c x .if

u oIp u+v x <ezwIx then {f|r{~}fi .
Figure2.16: Online Boostingalgorithm. ��e�� o;� k o*� kmlmlml�k o*��� is thesetof basemodelsto be
updated,

u+v kEwNx is thenext trainingexample,and
q s

is theonlinebasemodellearningalgorithmthat
takesabasemodel,trainingexample,andits weightasinputsandreturnstheupdatedbasemodel.�����d�

to updateeachbasemodeljustlikeArc-x4. Here,� s is anonlinebasemodellearning

algorithmthattakesthecurrenthypothesis,a trainingexample,andits weightasinput and

returnsa new hypothesisupdatedto reflect the new examplewith the suppliedweight.

This algorithmwas testedon four machinelearningdatasets,threeof which arepart of

theUCI MachineLearningRepository(Blake,Keogh,& Merz,1999),andseveralbranch

predictionproblemsfrom computerarchitecture.Themaingoalof theirwork wasto apply

ensemblesto branchpredictionandsimilar resource-constrainedonlinedomains.For this

reason,they allowedtheiralgorithmafixedamountof memoryandexaminedthetrade-off

betweenhaving a largernumberof shallow decisiontreesandhaving a smallernumberof

deepdecisiontrees.Their resultssuggestthat,givenlimited memory, a boostedensemble
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Figure 2.17: Test Error Rates: Boosting
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Figure2.18:TestErrorRates:OnlineBoost-
ing vs. OnlineArc-x4 with decisiontreebase
models.

with a greaternumberof smallerdecisiontreesis generallysuperiorto one with fewer

largetrees.They oftenachievedresultsmuchbetterthanasingledecisiontree,but did not

comparetheir resultsto any batchensemblealgorithmsincluding Arc-x4 andAdaBoost.

We comparedAdaBoostandour original andprimedonline boostingalgorithmsto their

onlineArc-x4 algorithmandshow theresultsin Figures2.17,2.18,and2.19,respectively.

We allowed their online Arc-x4 algorithmto usedecisiontreeswithout depthlimits but

with pruning just as we did with AdaBoostand our online boostingalgorithm. Batch

boostingperformsbetterthanonline Arc-x4. Our online boostingalgorithmandonline

Arc-x4 performcomparably. Our primedonline boostingalgorithmoutperformedonline

Arc-x4 slightly.

Our approachto onlinebaggingandonlineboostingis differentfrom themethodsde-

scribedin thatwefocusonreproducingtheadvantagesof baggingandboostingin anonline

setting. Like the batchversionsof baggingandboostingandmostotherbatchensemble

algorithms,our algorithmsmake all the training dataavailable for training all the base

modelsandstill obtainenoughdiversity amongthe basemodelsto yield goodensemble

performance.
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Chapter 3

Bagging

In this chapter, we first describethe bagging(Breiman,1994)algorithmandsomeof

thetheorybehindit. Wethenderivetheonlinebaggingalgorithm.Finally, wecomparethe

performancesof thetwo algorithmstheoreticallyandexperimentally.

3.1 The BaggingAlgorithm

As we explainedin Chapter2, ensemblemethodsperformbestwhenthey createbase

modelsthat aredifferent from oneanother. BootstrapAggregating (bagging)(Breiman,

1994),doesthis by drawing multiple bootstraptrainingsetsfrom theoriginal trainingset

andusingeachof theseto constructabasemodel.Becausethesebootstraptrainingsetsare

likely to bedifferent,weexpectthebasemodelsto havesomedifferences.Thealgorithms

for bagginganddoing the bootstrapsampling(samplingwith replacement)areshown in

Figure3.1. Figure3.2depictsthebaggingalgorithmin action.To createa bootstraptrain-

ing setfrom the original training setof size � , we perform � multinomial trials where,

in eachtrial, we draw oneof the � examples.Eachexamplehasprobability
�]� � of be-

ing drawn in eachtrial. Thesecondalgorithmshown in Figure3.1 doesexactly this—�
times,the algorithmchoosesa number � from 1 to � andaddsthe � th training example

to thebootstraptrainingset � . Clearly, someof theoriginal trainingexampleswill not be

selectedfor inclusionin the bootstraptraining setandotherswill be chosenoneor more

times. In bagging,we create� suchbootstraptrainingsetsandthengenerateclassifiers
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Bagging( � , n )

For eachgheji\k���kmlmlml�k�n ,� p e�����g������ ��� � o ¡ �E���,��¢m�mg���£R� u �¤k	¥¦xo p e qt§mu � p x
Return

o�¨ª©�« u+v x¬e®­\¯	°²±�­�³O´�µ�¶¸· �p$¹1�*º u o p u+v x¬ezwIx
SampleWith Replacement( � , ¥ )�»ef¼

For �½eji\k���kmlmlml�k	¥ ,¾ e ¾ �¿£UÀ�ÁFg �Â£R�E�ªÃ�� ¾ u i\k	¥Äx
Add �ÆÅ ¾�Ç to � .

Return � .

Figure3.1: BatchBaggingAlgorithm andSamplingwith Replacement:� is theoriginal training
setof ¥ examples,n is thenumberof basemodelsto be learned,

qD§
is thebasemodellearning

algorithm,the
o ©

’s aretheclassificationfunctionsthat take a new exampleasinput andreturnthe
predictedclass, ¾ �¿£UÀ�Á�g �Â£R�E�ªÃ�� ¾ u �*k�Èmx is a function that returnseachof the integersfrom � to È
with equalprobability, and

º u,É x is the indicator function that returns1 if event
É

is true and0
otherwise.

usingeachof them.In Figure3.2, thesetof threearrows on theleft (which have “Sample

w/ Replacement”above them)depictssamplingwith replacementthreetimes( � ÊÌË ).
The next setof arrows depictscalling the basemodel learningalgorithmon thesethree

bootstrapsamplesto yield threebasemodels. Baggingreturnsa function ÍtÎ�Ï1Ð that clas-

sifiesnew examplesby returningtheclassÑ out of thesetof possibleclassesÒ thatgets

themaximumnumberof votesfrom thebasemodels Í ��Ó Í �\Ó�Ô\Ô\Ô�Ó Í � . In Figure3.2, three

basemodelsvote for theclass.In bagging,the � bootstraptrainingsetsthatarecreated

arelikely to have somedifferences.If thesedifferencesareenoughto inducesomediffer-

encesamongthe � basemodelswhile leaving their performancesreasonablygood,then,

asdescribedin Chapter2, theensembleis likely to performbetterthanthebasemodels.
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Figure3.2: TheBatchBaggingAlgorithm in action.Thepointson theleft sideof thefigurerep-
resenttheoriginal trainingsetthat thebaggingalgorithmis calledwith. Thethreearrows pointing
away from the training set andpointing toward the threesetsof points representsamplingwith
replacement.The basemodellearningalgorithmis calledon eachof thesesamplesto generatea
basemodel(depictedasa decisiontreehere).Thefinal threearrows depictwhathappenswhena
new exampleto be classifiedarrives—all threebasemodelsclassifyit andthe classreceiving the
maximumnumberof votesis returned.

3.2 Why and When BaggingWorks

It is well-known in theensemblelearningcommunitythatbaggingis morehelpfulwhen

the basemodel learningalgorithm is unstable, i.e., when small changesin the training

set leadto large changesin the hypothesisreturnedby the learningalgorithm(Breiman,

1996a).This is consistentwith whatwediscussedin Chapter2: anensembleneedsto have

basemodelsthatperformreasonablywell but areneverthelessdifferentfrom oneanother.

Baggingis not ashelpful with stablebasemodel learningalgorithmsbecausethey tend

to returnsimilar basemodelsin spiteof thedifferencesamongthebootstraptrainingsets.

Becauseof this,thebasemodelsalmostalwaysvotethesameway, sotheensemblereturns

thesamepredictionasalmostall of its basemodels,leadingto almostnoimprovementover

thebasemodels.

Breimanillustratesthis asfollows. Givena trainingset Õ consistingof � independent

draws from somedistribution Ö , we canapply a learningalgorithmandget a predictorÍ¬ÎÂÏ Ó ÕÆÐ that returnsa predictedclassgivena new example Ï . If ÎÂ× Ó ÒØÐ is a new example

drawn from distribution Ö , thentheprobabilitythat × is classifiedcorrectlyis�SÎÂÕÆÐÙÊ ÚÛÎ!ÒÜÊKÍ¬ÎÂ× Ó ÕÆÐÝÐ
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Ê Þß à ¹1� ÚÛÎZÍ¬ÎÂ× Ó ÕÆÐáÊãâIä ÒÜÊãâFÐ�ÚÛÎ!ÒÜÊãâFÐ Ó
where å 1,2,.. . ,Cæ is the setof possibleclassesto which an examplecanbelong. Let us

define ç Î!âNä ×èÐéÊ Útê¤ÎZÍ¬ÎÂ× Ómë ÐìÊíâFÐ Ó
i.e.,theprobabilityovertheset

ë
of randomlydrawntrainingsetsthatthepredictorpredicts

class â , thentheprobability that × is classifiedcorrectly, averagedover randomlydrawn

trainingsets,is

� Ê Þß à ¹1�¬î Î
ç Î âIä ×èÐ²ä ÒïÊíâFÐ�ÚÛÎ!ÒÜÊãâFÐ

Ê Þß à ¹1�tð
ç Î âIä Ï1Ð�ÚÛÎ!âNä Ï1Ð�Ú¬ñÆÎ!òOÏ1Ð

where Ú¬ñóÎ�Ï1Ð is theprobabilitythatanexample× is drawn underdistribution Ö . Breiman

definesanaggregatedclassifierÍRô=ÎÂÏ1ÐìÊíõ�öÝ÷OøÛõ¿ù © ç Î úFä Ï1Ð , i.e., thepredictorconstructedby

aggregatingthepredictorsconstructedon all thepossibletrainingsets(baggingobviously

approximatesthis). Wecanwrite theprobabilityof correctclassificationof theaggregated

classifieras �\ô Ê Þß à ¹1�tðrû Î!õ�ö�÷OøÛõ¿ù© ç ÎÂúFä Ï1ÐüÊíâFÐ�ÚÛÎ!âNä Ï1Ð�Útñ�Î!òOÏ1Ð Ô
Theimprovementin classificationperformancethatwegetby aggregatingcomparedto not

aggregatingis

�\ô¦ýz��Ê Þß à ¹1�¬ðKþ û Î õ�öÝ÷�øÿõ¿ù© ç Î úFä Ï1ÐìÊãâ�Ð$ý ç Î âIä Ï1Ð��+ÚÿÎ âIä Ï1Ð�Útñ�Î!òOÏ1Ð Ô (3.1)

Equation3.1 shows that aggregating especiallyhelpswith unstablebaseclassifiers. If

the classifiersaretoo stable,i.e., the classifiersinducedby the varioustraining setstend

to agree,then

ç Î!âNä ×èÐ will tend to be closeto 0 or 1, in which case

ç Î âIä ×èÐ is closetoû Î!õ�ö�÷OøÛõ¿ù ©
ç ÎÂúFä Ï1ÐüÊ â�Ð and �\ô ýØ� will bequitelow. With unstablebaseclassifiers,

ç Î!âNä × Ð
will tendto beaway from 0 or 1 leadingto highervaluesof �\ô»ý7� , i.e., a greaterbenefit
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from aggregation. Clearly aggregation is often impossiblebecausewe typically cannot

obtainall possibletrainingsets.Baggingapproximatesaggregationby drawing arelatively

smallnumberof bootstraptrainingsets.Nevertheless,Equation3.1still demonstratesthat

themorediversethebasemodelsin termsof their predictions,themorebaggingimproves

uponthemin termsof classificationperformance.

3.3 The Online BaggingAlgorithm

Baggingseemsto requirethat theentiretrainingsetbeavailableat all timesbecause,

for eachbasemodel,samplingwith replacementis doneby performing � randomdraws

over the entire training set. However, we areable to avoid this requirementas follows.

We notedearlier in this chapterthat, in bagging,eachoriginal training examplemay be

replicatedzero,one,two, or moretimesin eachbootstraptrainingsetbecausethesampling

is donewith replacement.Eachbasemodel’s bootstraptrainingsetcontains� copiesof

eachof theoriginal trainingexampleswhere

ÚÛÎ�� Ê��;ÐìÊ � � ��� � ��	��
 � � ý ��	�
����
 (3.2)

which is thebinomialdistribution. Knowing this, insteadof samplingwith replacementby

performing � randomdraws over the entiretraining set,onecould just readthe training

set in order, oneexampleat a time and draw eachexamplea randomnumber � times

accordingto Equation3.2. If onehasan online basemodel learningalgorithmthen,as

eachtrainingexamplearrives,for eachof thebasemodels,we couldchoose� according

to Equation3.2 and usethe learningalgorithm to updatethe basemodel with the new

example � times. This would simulatesamplingwith replacementbut allow us to keep

just onetraining examplein memoryat any given time—theentire training setdoesnot

have to beavailable.However, in many onlinelearningscenarios,wedonotknow � —the

numberof trainingexamples—becausetrainingdatacontinuallyarrives. This meansthat

wecannotuseEquation3.2to choosethenumberof draws for eachtrainingexample.

However, as � � � , which is reasonablein an online learningscenario,the dis-

tribution of � tendsto a Poisson(1)distribution: ÚÛÎ�� Ê��SÐ»Ê ������� � ���
�� . Now that we
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OnlineBagging( �¬k	À )
For eachbasemodel

oNp
, ( g��¦�¿i\k���kmlmlmlFk�n �

) in � ,

Set � accordingto  Á���!"!�Á�£ u i�x .
Do � timeso p e q s u o p k	À�x

Return � u+v xte®­\¯	°²± ­�³ ´�µ\¶¸· �p=¹1�*º u o p u+v x¬e®wNx .
Figure3.3: OnlineBaggingAlgorithm: � is theclassificationfunctionreturnedby onlinebagging,À is thelatesttrainingexampleto arrive,and

qts
is theonlinebasemodellearningalgorithm.

have removedthedependenceon � , we canperformonlinebaggingasfollows (seeFig-

ure 3.3): as eachtraining exampleis presentedto our algorithm, for eachbasemodel,

choose� #AÚ%$²ú'&(&)$+*=Î � Ð andupdatethe basemodelwith that example � times. New

examplesareclassifiedthe sameway asin bagging:unweightedvoting over the � base

models.

Onlinebaggingis a goodapproximationto batchbaggingto theextent that their sam-

pling methodsgeneratesimilardistributionsof bootstraptrainingsetsandtheirbasemodel

learningalgorithmsproducesimilarhypotheseswhentrainedwith similardistributionsover

trainingexamples.We examinethis issuein thenext section.

3.4 Convergenceof Batch and Online Bagging

In this section,we prove that, undercertainconditions,the classificationfunction re-

turnedby onlinebaggingconvergesto thatreturnedby batchbaggingasthenumberof base

modelsandthenumberof trainingexamplestendsto infinity. This meansthattheclassifi-

cationperformancesof theensemblesreturnedby batchandonlinebaggingalsoconverge.

Theoverall structureof our argumentis asfollows. After mentioningsomeknown defini-

tions andtheorems,we first prove that the bootstrapsamplingdistribution usedin online

baggingconvergesto thatof batchbagging.Thenwe prove thatthedistribution over base

modelsunderonlinebaggingconvergesto theanalogousdistribution underbatchbagging

subjectto certainconditionson thebasemodellearningalgorithmswhich we discuss.We
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finally establishtheconvergenceof theclassificationfunctionsreturnedby onlineandbatch

bagging.

3.4.1 Preliminaries

In this section,we statesomestandarddefinitions(Grimmett& Stirzaker, 1992)and

provesomeessentiallemmas.

Definition 1 A sequenceof randomvariables × ��Ó × ��Ó\Ô\Ô\Ô convergesin probability to a

randomvariable × (written × «	,� × ) if, for all -/.10 , ÚÿÎmä × « ý ×jä2.1-mÐ�� 0 as *3� � .

Definition 2 A sequenceof vectors 4× ��Ó 4× �\Ó\Ô\Ô�Ô whoseelementsare randomvariablescon-

vergesin probability to a vector 4× of randomvariables(written as 4× « ,� 4× ) if the se-

quenceof randomvariables 4× �'5 © Ó 4× �65 © Ó�Ô\Ô\Ô (the ú th elementsof 4× ��Ó 4× �\Ó\Ô\Ô�Ô ) converges in

probability to 4× © for all ú87På � Ó:9�Ó\Ô\Ô\Ô�Ó � æ where � is the numberof elementsin all the

vectors.

The following is Scheffé’s Theorem(Billingsley, 1995). We statetheversionfor dis-

cretedistributionsbecausethatis all weneed.

Theorem 1 Define; ��Ó ; ��Ó\Ô\Ô\Ô to bea sequenceof distributionsand ; to beanotherdistri-

bution such that <�ú>= «)?/@ ; « Î�A�Ð ÊB;tÎ�AOÐ for all valuesAC7ED , where D is thesetof support

for ; « and ; , i.e., FHG µ�I ; « Î�AOÐìÊHFHG µ�I ;tÎ�A�ÐüÊ �
for all * . ThenwehaveJLK ø«�?/@ ß G µ)I ä ; « Î�AOÐ$ý3;¬Î�AOÐ]ä�ÊM0 Ô

Corollary 1 Giventhesameconditionsasin Scheffe’sTheorem,wehaveJNK ø«)?/@ ßG µ�IPO ä ; « Î�A�Ð$ý3;tÎ�A�Ð²ä�ÊM0 Ó
for all DRQTSUD .

We now prove theconvergenceof thesamplingdistributionsusedin onlineandbatch

bagging. Let Õ denotethe training set presentedto the batchbaggingand online bag-

ging algorithms. Use �MVW<YX	ú>*Z$(=Äú\[2<�Î�] Ó �� Ð to denotethe multinomial distribution with
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�� .

Samplingwith replacement(bootstrapping)in thebatchbaggingalgorithmis doneby per-

forming � independentmultinomial trials whereeachtrial yields oneof the � training

examplesfrom Õ , eachof which hasprobability
�
� of beingdrawn. This distribution is�MVW<YX	ú>*^$+=Äú>[�<�Î � Ó �� Ð . Define 4A p§ to beavectorof length � wherethe ú th elementA p§ © rep-

resentsthefractionof thetrials in whichthe ú th originaltrainingexampleÕ Î ú Ð is drawn into

thebootstrappedtrainingset Õ p of the = th basemodelwhensamplingwith replacement.

Therefore, 4A p§ # �
� �MVW<YX	ú>*Z$(=Äú\[2<�Î!� Ó

�
� Ð . For example,if we have five trainingexamples

( � Ê�_ ), thenonepossiblevaluefor 4A p§ is þ 0 Ôa` 0 0 Ôb9 0 Ôc9 0 Ôb9 � . Giventhese,wehave� 4A p§ Ê þ 9 0 � � � � , This meansthat,out of thefive examplesin Õ p , therearetwo

copiesof Õ Î � Ð , andonecopy of eachof Õ Î!ËNÐ , Õ Î ` Ð , and Õ Î�_OÐ . ExampleÕ Î 9 Ð wasleft out.

Define Ú § Î 4A § Ð to be the probability of obtaining 4A § underbatchbagging’s bootstrapping

scheme.

Define 4A ps to be theonline baggingversionof 4A p§ . Recallthat,underonlinebagging,

eachtraining exampleis chosena numberof timesaccordingto a Úd$²ú'&(&)$(*áÎ � Ð distribu-

tion. Sincethereare � training examples,thereare � suchtrials; therefore,the total

numberof examplesdrawn hasa Ú%$²ú'&(&)$+*=Î!�~Ð distribution. Therefore,eachelementof 4A ps
is distributedaccordingto a

�
�fe Ú%$¿ú\&(&($(*áÎ � Ð distribution, where �hg�#ÙÚ%$²ú'&(&)$+*=Î!�~Ð . For

example,if we have five trainingexamples( � Êi_ ) and 4A ps Ê þ 0 Ôj` 0 0 Ôc9 0 Ôb9 0 Ôc9 � ,
then40%of thebootstrappedtrainingsetis copiesof Õ Î � Ð , and Õ Î!ËOÐ , Õ Î ` Ð , and Õ Î>_�Ð make

up20%of thetrainingseteach,and Õ Î 9 Ð wasleft out. However �hg , which is thetotal size

of the bootstrappedtraining set, is not fixed. Clearly, we would needto have that �kg 4A ps
is a vectorof integerssothat thenumberof timeseachexamplefrom Õ is includedin the

bootstraptrainingsetis aninteger. Define Ú s Î 4A s Ð to betheprobabilityof obtaining 4A s under

onlinebagging’sbootstrapsamplingscheme.

We now show that the bootstrapsamplingmethodof online baggingis equivalentto

performing �kg multinomial trials whereeachtrial yields one of the � training exam-

ples,eachof which hasprobability
�
� of beingdrawn. Therefore 4A ps # �

�le F
@m ¹Pn ÚÛÎ!�kg ÊX�ÐÝ�UVo<YX	ú�*Z$(=Äú\[2<�ÎpX Ó �� Ð andeachelementof 4A ps is distributedaccordingto

�
�le F

@m ¹Pn ÚÛÎ!� g ÊX�Ðrq¸ú>*Z$(=Äú\[2<�ÎpX Ó �� Ð . Note that this is the sameas the bootstrapsamplingdistribution for

batchbaggingexceptthatthenumberof multinomialtrials is notfixed.This lemmamakes
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our subsequentproofseasier.

Lemma 1 ×s#PÚd$²ú'&(&)$+*=Î � Ð if andonly if ×t#uF @m ¹Pn ÚÛÎ!� g ÊBX�Ðrq ú�*Z$(=Äú\[2<�ÎpX Ó �� Ð .Proof: We prove this by showing thattheprobabilitygeneratingfunctions(Grimmett

& Stirzaker, 1992)for thetwo distributionsarethesame.Theprobabilitygeneratingfunc-

tion for a Ú%$¿ú\&+&)$(*áÎ�v1Ð randomvariableis w , s © Q>Q s « �bx � Î�&²ÐüÊMy�Ïz;tÎ>vtÎ>& ý � ÐÝÐ . Theprobability

generatingfunctionfor a q ú>*^$+=Äú>[�<�Î{X Ó ;?Ð randomvariableis w%| ©�« � m 5 � � Î�&¿ÐáÊ ÎÝÎ � ý};?Ð � ;W&²Ð m .
As mentionedabove, thedistribution F @m ¹Pn ÚÿÎ �hg¬ÊiX�Ð~q ú>*^$+=Äú>[�<�Î{X Ó �� Ð involvesperform-

ing �kgìÊ�X Bernoulli trials where �kg�# Úd$²ú'&(&)$(*áÎ!�yÐ . By standardresults(Grimmett&

Stirzaker, 1992),wecanobtainthegeneratingfunctionfor thisdistributionby composition:w , s © Q�Q s « � � � Î�w | ©b« Î �'5��� Ð Î�&²ÐÝÐÙÊ y�Ïz; � � �
� � ý �� � � �� &dý � ���Ê y�Ïz;tÎ�& ý � Ð Ó
but this is the generatingfunction for a Úd$²ú'&(&)$(*áÎ � Ð randomvariable,which is what we

wantedto show.

Wenext show thatthedistributionsof thebootstrappedtrainingsetproportionvectors 4A
underonlineandbatchbaggingconvergeasthenumberof trainingsets� (corresponding

to the numberof basemodels)increasesand as the numberof training examples � in

theoriginal trainingsetincreases.Specifically, thesedistributionsconvergein probability.

Define A+�� Ê �� F �p$¹1� 4A p§ and A+�� Ê �� F �p$¹1� 4A ps , whicharetheaveragesof thebootstrap

distributionvectorsoverthetrainingsetfor � basemodels.Theelementsof theseaverage

vectorsare A+���� Ê �� F �p=¹1� A p§ « and A��� � Ê �� F �p$¹1� A ps « .
Lemma 2 As � � � and/or ��� � , A �� ,� A �� .

Proof: In the batchversionof bagging,to generateeachbasemodel’s bootstrapped

training set,we perform � independenttrials wherethe probability of drawing eachex-

ampleis
�
� . We definethe following indicator variables,for = 7 å � Ó�9�Ó\Ô\Ô�ÔFÓ �Üæ , *�7å � Ó�9*Ó\Ô\Ô\Ô�Ó �èæ and ��7zå � Ó:9�Ó\Ô\Ô\Ô�Ó � æ ,× p «�� Ê�� �

if example* is drawn on the � th trial for the = th model0 otherwise
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Clearly, ÚÛÎÂ× p «�� Ê � Ð7Ê �� for all = , * , and � . The fraction of the = th base

model’s bootstrappedtraining set that consistsof draws of examplenumber * is Ò p « Ê�
� F �� ¹1� × p «:� . Therefore,wehave

î�� �� �ß � ¹1� × p «���� Ê ��� [I� � �� �ß � ¹1� × p «�� � Ê �� � [N� Î�× p «�� ÐÊ �� � � � ý ���� Ô
Our baggedensembleconsistsof � basemodels,so we do the above bootstrapping

process� times. Over � models,the averagefraction of the bootstrappedtraining set

thatconsistsof drawsof examplenumber* isA ���� Ê �� �ßp=¹1� Ò p « Ô
Wehave

î Î�A ���� ÐáÊ î�� �� �ßp$¹1� Ò p «�� Ê ��� [N���\A ������ Ê � [N� � �� �ßp$¹1� Ò p « � Ê ��í� � � � ý �� � Ô
Therefore,by the WeakLaw of Large Numbers,as � � � or � � � , A ���� ,� �� ;

therefore,A �� ,� ��d�2� , where �z� is avectorof length � whereeveryelementis 1.

Now, we show that,as � � � or ��� � , A �� ,� �
�d�2� , which implies that A �� ,�A �� (Grimmett& Stirzaker, 1992).

As mentionedearlier, in onlinebagging,we canrecastthebootstrapsamplingprocess

asperforming � g independentmultinomial trials wherethe probability of drawing each

trainingexampleis
�
� and � g #KÚ%$²ú'&(&)$+*=Î!�~Ð .

For online bagging,let us define × p «:� the sameway that we did for batchbagging

except that �U7 å � Ó�9*Ó\Ô\Ô\Ô�Ó � g æ . Clearly, ÚÛÎÂ× p «:� Ê � ÐÄÊ �
� for all = , * , and � . The
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fractionof the = th basemodel’sbootstrappedtrainingsetthatconsistsof drawsof example

number* is Ò p « Ê ��le F � e� ¹1� × p «�� . Therefore,we have

î�� �� g � eß � ¹1� × p «���� Ê @ß « ¹Pn ÚÛÎ!� g ÊB* Ð î�� �� g � eß � ¹1� × p «�� ä�� g ÊM* �Ê @ß « ¹Pn ÚÛÎ!� g ÊB* Ð �* * î ÎÂ× p «�� ÐÊ �� @ß « ¹Pn ÚÛÎ!� g ÊB* ÐÊ ��
where,for * Ê�0 , we aredefining î Î �« F «� ¹1� × p «:� ä * Êi0NÐ Ê �

� . This is donemerelyfor

conveniencein thisderivation—onecandefinethis to beany valuefrom 0 to 1 andit would

notmatterin thelong runsince ÚÛÎ!�hgSÊH0OÐ�� 0 as ��� � .

We alsohave,by standardresults(Grimmett& Stirzaker, 1992),� [N� � �� g � eß � ¹1� × p «:��� Ê î�� � [N� � �� g � eß � ¹1� × p «:� ä�� g �}� � � [N� �1î�� �� g � eß � ¹1� × p «�� ä�� g �}� Ô
Let uslook at thesecondtermfirst. Sinceî � ��le F � e� ¹1� × p «:� ä(�kg¢¡ Ê

�
� , thesecondtermis

just thevarianceof aconstantwhich is 0. Soweonly have to worry aboutthefirst term.

î�� � [N� � �� g � eß � ¹1� × p «�� ä � g �}� Ê @ß « ¹Pn � [N� � �� g � eß � ¹1� × p «�� ä � g ÊM* � ÚÛÎ!� g ÊU* ÐÊ @ß « ¹Pn ÚÛÎ!� g ÊM* Ð �* � [N�;Î�× p «�� Ð Ô
Clearly, we would want � [N�SÎ �� e F � e� ¹1� × p «:� ä(� g Ê£0NÐÿÊ£0 , becausewith � g Êt0 , there

wouldbenomultinomialtrials,so × p «�� ÊH0 andthevarianceof aconstantis 0.

Continuingtheabovederivation,wehave@ß « ¹1� ÚÛÎ!� g ÊM*�Ð �* � * � [N�;Î�× p «:� Ð Ê @ß « ¹1� ÚÿÎ � g ÊU*�Ð �* �� � � ý ��	�Ê �� � � ý �� � @ß « ¹1� �* ÚÿÎ � g ÊM*�Ð¤ �� � � ý �� � Ô
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Sowehave � [I� � �� g � eß � ¹1� × p «:� � ¤ �� � � ý �� � Ô
Wehave � basemodels,sowerepeattheabovebootstrapprocess� times.Over � base

models,theaveragefractionof thebootstrappedtrainingsetconsistingof drawsof example* is A �� � Ê �� �ßp$¹1� Ò p « Ô
Wehave

î Î�A �� � ÐìÊ î�� �� �ßp=¹1� Ò p «�� Ê ��� [N�SÎ�A �� � ÐìÊ �� � � � [I�SÎ!Ò p « Ð ¤ �� �� � � ý �� � Ô
Therefore,by theWeakLaw of Large Numbers,as � � � or � � � , A �� � ,� �� ,

whichmeansthat A �� ,� ��8�z� . As mentionedearlier, this impliesthat A �� ,� A �� .

Now thatwe have establishedtheconvergenceof thesamplingdistributions,we go on

to demonstratetheconvergenceof thebaggedensemblesthemselves.

3.4.2 Main Result

Let Õ be a training set with � examplesand let 4A be a vector of length � whereF �© ¹1� 4A © Ê �
and 0 ¤ 4A ©¥¤ �

for all ú�77å � Ó�9�Ó\Ô\Ô�ÔFÓ � æ . Define Í § ÎÂÏ Ó 4A Ó ÕÆÐ to bea function

that classifiesa new example Ï asfollows. First, draw a bootstraptraining set � from Õ
of thesamesizeas Õ in which, for all ú , � 4A © copiesof the ú th examplein Õ areplacedin� . Thesecondstepis to createa hypothesisby calling abatchlearningalgorithmon � . In

our proof of convergence,we use Í § ’s to representthe basemodelsin the batchbagging

algorithm.Define Í s Î�Ï Ó 4A Ó & Ó ÕÆÐ to betheanalogousfunctionreturnedby anonlinelearning
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algorithm.
�

We use Í s ’s to representthe basemodelsin our online baggingalgorithm.

Recall that the sizeof the bootstraptraining set is not fixed in online bagging. For this

reason,we includean additionalinput & , which is the sizeof the bootstraptraining set.

Recallthat &�#ïÚ%$¿ú\&(&($(*áÎ �~Ð . Clearly, & 4A mustbea vectorof integersbecausethenumber

of copiesof eachexamplefrom Õ includedin thebootstraptrainingsetmustbeaninteger.

Define Í �§ Î�Ï Ó ÕÆÐ¤ÊPõ�ö�÷OøÛõ¿ù ´�µ�¶ F �p$¹1� û ÎZÍ § ÎÂÏ Ó 4A p§ Ó ÕÆÐ¤ÊKÑSÐ , which is theclassification

functionreturnedby thebatchbaggingalgorithmwhenaskedto returnanensembleof �
basemodelsgivenatrainingsetÕ . Define Í �s ÎÂÏ Ó Õ�ÐáÊíõ�öÝ÷OøÛõ¿ù ´�µ\¶ F �p=¹1� û ÎZÍ s ÎÂÏ Ó 4A ps Ó & Ó ÕÆÐáÊÑSÐ , which is theanalogousfunctionreturnedby onlinebagging.Thedistributionsover 4A §
and 4A s inducedistributionsover the basemodels Ú § Î!Í § ÎÂÏ Ó 4A § Ó ÕÆÐ�Ð and Ú s ÎZÍ s Î�Ï Ó 4A s Ó & Ó ÕÆÐÝÐ .
In orderto show that Í �s ÎÂÏ Ó ÕÆÐ�� Í �§ Î�Ï Ó ÕÆÐ (i.e.,thattheensemblereturnedby onlinebag-

ging convergesto thatreturnedby batchbagging),we needto have Ú s Î!Í s ÎÂÏ Ó 4A s Ó & Ó ÕÆÐÝÐ��Ú § ÎZÍ § ÎÂÏ Ó 4A § Ó Õ�Ð�Ð as � � � and � � � . However, this is clearlynot true for all batch

andonline basemodel learningalgorithmsbecausetherearebootstraptraining setsthat

online baggingmay producethat batchbaggingcannotproduce. In particular, the boot-

straptrainingsetsproducedby batchbaggingarealwaysof thesamesize � astheoriginal

training set Õ . This is not true of online bagging—infact, as � � � , the probability

that thebootstraptrainingsetis of size � tendsto 0. Therefore,supposethebasemodel

learningalgorithmsreturnsomenull hypothesisÍ n if the bootstraptraining setdoesnot

haveexactly � examples.In this case,as ��� � , Ú s Î!Í n ÎÂÏ1Ð�Ð¦� �
, i.e.,underonlinebag-

ging, theprobabilityof gettingthenull hypothesisfor a basemodeltendsto 1. However,Ú § ÎZÍ n ÎÂÏ1Ð�ÐüÊU0 . In this case,clearly Í �s ÎÂÏ Ó Õ�Ð doesnotconvergeto Í �§ ÎÂÏ Ó ÕÆÐ .
For ourproofof convergence,werequirethatthebatchandonlinebasemodellearning

algorithmsbeproportional.

Definition 3 Let 4A , Í § Î�Ï Ó 4A Ó ÕÆÐ , and Í s ÎÂÏ Ó 4A Ó & Ó ÕÆÐ beasdefinedabove. If Í s ÎÂÏ Ó 4A Ó & Ó ÕÆÐ ÊÍ § ÎÂÏ Ó 4A Ó ÕÆÐ for all 4A and & , thenwesaythat thebatch algorithmthat producedÍ § andthe

onlinealgorithmthatproducedÍ s areproportionallearningalgorithms.

This clearlymeansthatour onlinebaggingalgorithmis assumedto useanonlinebase§
Online learningalgorithmsdo not needto becalledwith theentiretrainingsetat once. We just notate

it this way for convenienceandbecause,to make theproofseasier, we recasttheonlinebaggingalgorithm’s
onlinesamplingprocessasanoffline samplingprocessin ourfirst lemma.
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modellearningalgorithmthatis losslessrelativeto thebasemodellearningalgorithmused

in batchbagging.However, ourassumptionis actuallysomewhatstronger. Werequirethat

our basemodellearningalgorithmsreturnthesamehypothesisgiventhesameÕ and A . In

particular, weassumethatthesize & of thebootstrappedtrainingsetdoesnotmatter—only

theproportionsof every trainingexamplerelative to every othertrainingexamplematter.

For example,if we were to createa new bootstrappedtraining set Õ « by repeatingeach

examplein thecurrentbootstrappedtrainingset Õ à , thennotethat 4A wouldbethesamefor

both Õ « and Õ à and,of course,theoriginal trainingset Õ would bethesame.We assume

that our basemodel learningalgorithmswould returnthe samehypothesisif calledwithÕ « as they would if calledwith Õ à . This assumptionis true for decisiontrees,decision

stumps,andNaive Bayesclassifiersbecausethey only dependon the relative proportions

of trainingexampleshaving differentattributeandclassvalues.However, this assumption

is not truefor neuralnetworksandothermodelsgeneratedusinggradient-descentlearning

algorithms.For example,trainingwith Õ « would give us twice asmany gradient-descent

stepsastrainingwith Õ à , sowe would not expectto get thesamehypothesisin thesetwo

cases.

Onemay worry that it is possibleto get valuesfor 4A s that onecannotget for 4A § . In

particular, all bootstraptraining setsdrawn underbatchbaggingareof size � , so for all

possible 4A § , � 4A § is a vectorof integers. However, this is not true for all possible 4A s . For

example,if onlinebaggingcreatesa bootstraptrainingsetof size � �K�
, then Î!� �K� Ð 4A s

wouldbeavectorof integers.If � 4A s is notavectorof integers,thenclearlybatchbagging

cannotdraw 4A s . That is, Ú § Î 4A s Ð Ê¨0 while Ú s Î 4A s ÐR.©0 . Define D § and D s to be thesetof

possiblevaluesof 4A § and 4A s , respectively and DKÊHD §+ª D s . Define DRQìÊPå 4A«7¬D®­IÚ § Î 4ANÐáÊ0�æ , i.e., thesetof 4A thatcanbeobtainedunderonlinebaggingbut notunderbatchbagging.

Wemightbeworriedif ourbasemodellearningalgorithmsreturnsomenull hypothesisfor4A¯7°DRQ . We canseewhy asfollows. Wehave, for all ÑC7 Ò ,ÚÛÎZÍ �s Î�Ï1ÐìÊ ÑSÐ±� ß ²G µ�I Ú s Î 4AOÐ û ÎZÍ s Î�Ï Ó 4A Ó & Ó ÕÆÐáÊíÑSÐ
ÚÛÎZÍ �§ Î�Ï1ÐìÊ ÑSÐ±� ß ²G µ�I Ú § Î 4AOÐ û Î!Í § ÎÂÏ Ó 4A Ó ÕÆÐìÊ ÑSÐ
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as � � � . Wecanrewrite theseasfollows:ÚÛÎZÍ �s Î�Ï1ÐüÊ Ñ;Ðt� ß²G µ)I � I O Ú
s Î 4ANÐ û Î!Í s ÎÂÏ Ó 4A Ó & Ó ÕÆÐáÊ ÑSÐ � ß²G µ�I O Ú s Î 4A�Ð û ÎZÍ s Î�Ï Ó 4A Ó & Ó ÕÆÐ=Ê Ñ;Ð

ÚÛÎZÍ �§ Î�Ï1ÐüÊ Ñ;Ðt� ß²G µ)I � IPO Ú
§ Î 4ANÐ û ÎZÍ § Î�Ï Ó 4A Ó Õ�ÐáÊ Ñ;Ð Ô

If ourbasemodellearningalgorithmsreturnsomenull hypothesisfor 4A¯7°DRQ , thenthesec-

ond term in theequationfor ÚÛÎZÍ �s Î�Ï1ÐóÊ ÑSÐ maypreventconvergenceof ÚÿÎ!Í �s ÎÂÏ1ÐóÊ Ñ;Ð
and ÚÛÎZÍ �§ Î�Ï1ÐüÊ Ñ;Ð . Weclearlyrequiresomesmoothnessconditionwherebysmallchanges

in 4A do not yield dramaticchangesin thepredictionperformance.It is generallytrue that

since 4A �� ,� 4A �� , ³=Î 4A s Ð ,� ³=Î 4A § Ð if ³ is a continuousfunction. Our classificationfunc-

tions clearly have discontinuitiesbecausethey return a classwhich is discrete-valued.

However, given Lemma4, we only require that our classificationfunctions Í § ÎÂÏ Ó 4A Ó Õ�Ð
and Í s Î�Ï Ó 4A Ó & Ó ÕÆÐ converge in probability to someclassifier �dÎÂÏ Ó A Ó ÕÆÐ as � � � . Of

course,obtainingsuchconvergencerequiresthat � Î�Ï Ó A Ó Õ�Ð beboundedaway from a deci-

sionboundary. That is, for every -d.©0 , theremustexist an � s suchthat for all � .Ü� s ,�dÎÂÏ Ó 4A Ó ÕÆÐáÊí�dÎÂÏ Ó A Ó ÕÆÐ for all 4A in an - -neighborhoodaroundA . Thisrequirementis clearly

relatedto thenotionof stability thatwediscussedin Section3.2.Decisiontreesandneural

networksareunstablewhile NaiveBayesclassifiersanddecisionstumpsarestable;there-

fore, small changesin 4A aremorelikely to crossdecisionboundariesin caseof decision

treesand neuralnetworks than in caseof Naive Bayesclassifiersand decisionstumps;

therefore,wecanexpectconvergenceof onlinebaggingto batchbaggingto beslowerwith

unstablebasemodelsthanwith stableones.

Theorem 2 If Í § Î�Ï Ó 4A Ó ÕÆÐáÊãÍ s Î�Ï Ó 4A Ó & Ó Õ�Ð for all 4A and & andif Í § ÎÂÏ Ó 4A Ó ÕÆÐ and Í s ÎÂÏ Ó 4A Ó & Ó ÕÆÐ
converge in probability to someclassifier �dÎÂÏ Ó A Ó ÕÆÐ as � � � , then Í �s ÎÂÏ Ó ÕÆÐ1�Í �§ ÎÂÏ Ó Õ�Ð as � � � and ��� � for all Ï .

Proof: Let us define ÍtÎ�Ï Ó 4A Ó Õ�Ð�Ê Í § ÎÂÏ Ó 4A Ó ÕÆÐ¸Ê Í s Î�Ï Ó 4A Ó & Ó ÕÆÐ . Let Í¬ÎÂÏ Ó 4A+�� Ó ÕÆÐ andÍ¬ÎÂÏ Ó 4A+�� Ó Õ�Ð denotethedistributionsoverbasemodelsunderbatchandonlinebagging,re-

spectively. Clearly, Í¬ÎÂÏ Ó 4A+�� Ó ÕÆÐ ,� Í¬ÎÂÏ Ó 4A+�� Ó ÕÆÐ . SinceÍ �§ ÎÂÏ Ó Õ�Ð and Í �s ÎÂÏ Ó ÕÆÐ arecreated

using � drawsfrom Í¬ÎÂÏ Ó 4A+�� Ó Õ�Ð and ÍtÎ�Ï Ó 4A��� Ó ÕÆÐ , whicharedistributionsthatconvergein
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probability, we immediatelyget Í �s ÎÂÏ Ó ÕÆÐ ,� Í �§ ÎÂÏ Ó ÕÆÐ .
To summarize,we have proventhat theclassificationfunctionof onlinebaggingcon-

vergesto thatof batchbaggingasthenumberof basemodels� andthenumberof training

examples� tendto infinity if thebasemodellearningalgorithmsareproportionalandif

the basemodelsthemselvesconverge to the sameclassifieras � � � . We notedthat

decisiontrees,decisionstumps,andNaiveBayesclassifiersareproportional,but gradient-

descentlearningalgorithmssuchasbackpropagationfor neuralnetworkstypically arenot

proportional.Basemodelconvergenceandthereforetheconvergenceof onlinebaggingto

batchbaggingwould tendto be slower with unstablebasemodelssuchasdecisiontrees

andneuralnetworksthanwith NaiveBayesanddecisionstumps.This is clearlyrelatedto

thenotionof stability thatis importantto theperformanceof bagging.

We now compareonlinebaggingandbatchbaggingexperimentally.

3.5 Experimental Results

We now discusstheresultsof our experimentsthatcomparetheperformancesof bag-

ging,onlinebagging,andthebasemodellearningalgorithms.Weusedfour differenttypes

of basemodelsin both batchandonline bagging:decisiontrees,decisionstumps,Naive

Bayesclassifiers,andneuralnetworks.For decisiontrees,wereimplementedtheITI learn-

ing algorithm(Utgoff et al., 1997)in C++. ITI allows decisiontreesto belearnedin batch

andonline mode. The online algorithm is lossless.The batchand online Naive Bayes

learningalgorithmsareessentiallyidentical,sotheonlinealgorithmis clearlylossless.We

implementedbothbatchandlosslessonlinelearningalgorithmsfor decisionstumps.As we

mentionedbefore,the learningalgorithmsfor decisiontrees,decisionstumps,andNaive

Bayesclassifiersarealsoproportional. For neuralnetworks, we implementedthe back-

propagationalgorithm. In thebatchensemblealgorithms,we ranneuralnetwork learning

for tenepochs.In theonlineensemblealgorithms,wecanrun throughthetrainingsetonly

once;however, we canvary the numberof updatestepsper example. We presentresults

with oneupdatestepandtenupdatestepspertrainingexample.We getworseresultswith
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theseonlinemethodsthanwith themulti-epochbatchmethod,andwe will seehow much

lossthis leadsto in ourensemblealgorithms.Weranall of ourensemblealgorithmsto gen-

erateensemblesof 100basemodels.Weranall of ourexperimentsonDell 6350computers

having 600MegaHertzPentiumIII processors.

3.5.1 The Data

WetestedouralgorithmsonnineUCI datasets(Blakeetal.,1999),twodatasets(Census

IncomeandForestCovertype)from theUCI KDD archive(Bay, 1999),andthreesynthetic

datasets.Thesearebatchdatasets,i.e., thereis no naturalorder in the data. With these

datasets,we useour learningalgorithmsto generatea hypothesisusinga trainingsetand

thentestthehypothesisusinga separatetestset. We alsoperformedexperimentswith an

onlinedataset,in thatthedataarrivesasa sequenceandthelearningalgorithmis expected

to generatea predictionfor eachexampleimmediatelyuponarrival. Thealgorithmis then

giventhecorrectanswerwhich is usedto incrementallyupdatethecurrenthypothesis.We

describethis setof experimentsin Section3.5.4. We give the sizesandnumbersof at-

tributesandclassesof thebatchdatasetsin Table3.1.EverydatasetexceptCensusIncome

wassuppliedasjust onedataset,sowe testedthebatchalgorithmsby performingtenruns

of five-fold crossvalidationon all the datasetsexceptCensusIncome,for which we just

ran with the suppliedtraining andtestset. In general* -fold crossvalidationconsistsof

randomlydividing thedatainto * nearlyequalsizedgroupsof examplesandrunningthe

learningalgorithm * timessuchthat,on the ú th run, the ú th groupis usedasthetestsetand

theremaininggroupsarecombinedto form thetrainingset.After learningwith thetraining

set,theaccuracy on the ú th testsetis recorded.This processyields * results.Therefore,

our tenrunsof five-foldcrossvalidationgenerated50 resultswhichweaveragedto getthe

resultsfor our batchalgorithms.Becauseonlinealgorithmsareoftensensitive to theorder

in whichtrainingexamplesaresupplied,for eachtrainingsetthatwegenerated,weranour

onlinealgorithmswith fivedifferentordersof theexamplesin thattrainingset.Therefore,

theonlinealgorithms’resultsareaveragesover250runs.

All threeof our syntheticdatasetshave two classes.Theprior probabilityof eachclass

is 0.5,andeveryattributeexceptthelastoneis conditionallydependentupontheclassand
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Table3.1: Thedatasetsusedin our experiments.For theCensusIncomedataset,we have
giventhesizesof thesuppliedtrainingandtestsets.For theremainingdatasets,we have
giventhesizesof thetrainingandtestsetsin ourfive-foldcross-validationruns.

DataSet Training Test Inputs Classes
Set Set

Promoters 84 22 57 2
Balance 500 125 4 3

BreastCancer 559 140 9 2
GermanCredit 800 200 20 2
CarEvaluation 1382 346 6 4

Chess 2556 640 36 2
Mushroom 6499 1625 22 2

Nursery 10368 2592 8 5
Connect4 54045 13512 42 3

Synthetic-1 80000 20000 20 2
Synthetic-2 80000 20000 20 2
Synthetic-3 80000 20000 20 2

CensusIncome 199523 99762 39 2
ForestCovertype 464809 116203 54 7

Table3.2: ÚÿÎp]
´ ÊH0?ä ]
´rµ ��Ó:¶ Ð for [·7®å � Ó�9�Ó\Ô�Ô\Ô�Ó �)¸ æ in SyntheticDatasetsÚÿÎp]
´ ÊU0NÐ ]�´6µ � ÊH0 ]�´6µ � Ê �¶ ÊM0 0.8 0.2¶ Ê �
0.9 0.1

thenext attribute. We setup theattributesthis way becausetheNaive Bayesmodelonly

representstheprobabilitiesof eachattributegiventheclass,andwewanteddatathatis not

realizableby a singleNaive Bayesclassifierso thatbaggingandboostingaremorelikely

to yield improvementsoverasingleclassifier. Theprobabilitiesof eachattributeexceptthe

lastone( ]�´ for [h7�å � Ó�9�Ó�Ô\Ô\Ô�Ó �)¸ æ ) areasshown in Table3.2. Notethateachattribute ]
´
dependsquitestronglyon ]
´rµ � .

Theonly differencebetweenthe threesyntheticdatasetsis ÚÿÎp] �'n ä ¶ Ð . In Synthetic-1,ÚÛÎ�] �'n ÊH01ä ¶ ÊH0NÐìÊH0 Ôa` ¸ _ and ÚÛÎ�] �'n ÊH01ä ¶ Ê � ÐìÊH0 Ô _�0z_ . In Synthetic-2,theseproba-

bilities are0.1and0.8,while in Synthetic-3,theseare0.01and0.975,respectively. These
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Table3.3: Results(fractioncorrect):batchandonlinebagging(with DecisionTrees)

Dataset DecisionTree Bagging OnlineBagging

Promoters 0.7837 0.8504 0.8613
Balance 0.7664 0.8161 0.8160

BreastCancer 0.9531 0.9653 0.9646
GermanCredit 0.6929 0.7445 0.7421
CarEvaluation 0.9537 0.9673 0.9679

Chess 0.9912 0.9938 0.9936
Mushroom 1.0 1.0 1.0

Nursery 0.9896 0.9972 0.9973

differencesleadto varyingdifficultiesfor learningNaive Bayesclassifiersand;therefore,

differentperformancesof singleclassifiersandensembles.We testedour algorithmswith

all four basemodelsonthesesyntheticdatasetseventhoughthey weredesignedwith Naive

Bayesclassifiersin mind.

3.5.2 Accuracy Results

Tables3.3,3.4,3.5,3.6,and3.7show theaccuraciesof thesinglemodel,bagging,and

online baggingwith decisiontrees,Naive Bayes,decisionstumps,neuralnetworks with

oneupdatestepper training example,andneuralnetworks with ten updatesper training

example,respectively. In caseof decisiontrees,Naive Bayes,anddecisionstumps,the

batchandonlinesinglemodelresultsarethesamebecausetheonline learningalgorithms

for thesemodelsarelossless.Therefore,we only giveonecolumnof singlemodelresults.

In caseof neuralnetworks,weshow thebatchandonlinesingleneuralnetwork resultssep-

aratelybecauseonline neuralnetwork learningis lossy. Boldfaceentriesrepresentcases

whentheensemblealgorithmsignificantly(t-test, ¹fÊ®0 Ô 0z_ ) outperformeda singlemodel

while italicized entriesrepresentcaseswhenthe ensemblealgorithmsignificantlyunder-

performedrelative to a singlemodel. Entriesfor a batchor online algorithmthat have a

“*” next to themrepresentcasesfor which it significantlyoutperformedits onlineor batch

counterpart,respectively.

The resultsof runningdecisiontree learningandbatchandonline baggingwith de-
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Table3.4: Results(fractioncorrect):batchandonlinebagging(with NaiveBayes)

Dataset NaiveBayes Bagging OnlineBagging

Promoters 0.8774 º ÔN»z¼2½"¾ º ÔN»�¾ º�¿
Balance 0.9075 0.9067 0.9072

BreastCancer 0.9647 0.9665 0.9661
GermanCredit 0.7483 0.748 0.7483
CarEvaluation 0.8569 0.8532 0.8547

Chess 0.8757 0.8759* º ÔN»ÁÀ�¾WÂ
Mushroom 0.9966 0.9966 0.9966

Nursery 0.9031 0.9029 º ÔLÂ º+Ã À
Connect4 0.7214 0.7212 0.7216

Synthetic-1 0.4998 0.4996 0.4997
Synthetic-2 0.7800 0.7801 0.7800
Synthetic-3 0.9251 0.9251 0.9251

Census-Income 0.7630 0.7637 0.7636
ForestCovertype 0.6761 0.6762 0.6762

cision tree basemodelsare shown in Table 3.3. We ran decisiontree learningand the

ensemblealgorithmswith decisiontreebasemodelson only theeightsmallestdatasetsin

our collectionbecausetheITI algorithmis too expensive to usewith largerdatasetsin on-

line mode.
�

Batchbaggingandonlinebaggingperformedcomparablyto eachother. This

canbe seenin Figure3.4, a scatterplotof the error ratesof batchandonlineboostingon

the testsets—eachpoint representsonedataset.Pointsabove the diagonalline represent

datasetsfor which theerror of online baggingwashigherthanthat of batchbaggingand

pointsbelow the line representdatasetsfor which online bagginghadlower error. Batch

andonlinebaggingsignificantlyoutperformeddecisiontreeson all excepttheMushroom

dataset,which is clearlysoeasyto learnthatonedecisiontreewasableto achieveperfect

classificationperformanceon thetestset,sotherewasnoroomfor improvement.

Table 3.4 gives the resultsof running Naive Bayesclassifiersand batchand onlineÄ
This is because,asexplainedin Chapter2, whena decisiontreeis updatedonline,thetestsat eachnode

of the decisiontree have to be checked to confirm that they are still the bestteststo useat thosenodes.
If any testshave to be changedthenthe subtreesbelow that nodemay have to be changed.This requires
runningthroughtheappropriatetrainingexamplesagainsincethey have to beassignedto differentnodesin
thedecisiontree.Thereforethedecisiontreesmuststoretheir trainingexamples,whichis clearlyimpractical
whenthetrainingsetis large.
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Figure3.4: TestErrorRates:BatchBagging
vs. Online Baggingwith decisiontreebase
models.
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Figure3.5: TestErrorRates:BatchBagging
vs. Online Baggingwith Naive Bayesbase
models.

baggingwith Naive Bayesbasemodels. The baggingalgorithmsperformedcomparably

to eachother (Figure 3.5) and mostly performedcomparablyto the singlemodels. We

expectedthis becauseof thestabilityof NaiveBayes,which wediscussedin Chapter2.

Table3.5 shows the resultsof runningdecisionstumpsandbaggingandonline bag-

ging with decisionstumps.Baggingandonline baggingonly significantlyoutperformed

decisionstumpsfor thetwo smallestdatasets—fortheremainingdatasets,thebaggingal-

gorithmsperformedcomparablyto decisionstumps.Fromboth the tableandFigure3.6,

we canseethatbatchandonlinebaggingwith decisionstumpsperformedcomparablyto

eachother. Justaswith Naive Bayesclassifierlearning,decisionstumplearningis known

to bestable(Breiman,1996a),soonceagainwe do not have enoughdiversityamongthe

basemodelsto yield significantlybetterperformancefor baggingandonlinebagging.

Table3.6shows theresultsof runningneuralnetwork learningandbaggingandonline

baggingwith neuralnetwork basemodels. For the online resultsin this table,the neural

networksweretrainedusingonly oneupdatestepper trainingexample.Recallthat,with

our batchalgorithms,we trainedeachneuralnetwork by cycling throughthe dataset10

times(epochs).We canseefrom boththetableandFigure3.7 thatonlineneuralnetwork

learningoften performedmuchworsethanbatchneuralnetwork learning;therefore,it is

not surprisingthat onlinebaggingoften performedmuchworsethanbatchbagging(Fig-

ure 3.8), especiallyon the smallerdatasets.Unfortunately, online baggingalso did not



55

Table3.5: Results(fractioncorrect):batchandonlinebagging(with decisionstumps)

Dataset DecisionStump Bagging OnlineBagging

Promoters 0.7710 0.8041 0.8113
Balance 0.5989 0.7170 0.7226

BreastCancer 0.8566 0.8557 0.8564
GermanCredit 0.6862 0.6861 0.6862
CarEvaluation 0.6986 0.6986 0.6986

Chess 0.6795 0.6798 0.6792
Mushroom 0.5617 0.5617 0.5617

Nursery 0.4184 0.4185 0.4177
Connect4 0.6581 0.6581 0.6581

Synthetic-1 0.5002 0.4996 0.4994
Synthetic-2 0.8492 0.8492 0.8492
Synthetic-3 0.9824 0.9824 0.9824

Census-Income 0.9380 0.9380 0.9380
ForestCovertype 0.6698 0.6698 0.6698

improveupononlineneuralnetworksto theextentthatbatchbaggingimproveduponbatch

neuralnetworks. This difficulty is remediedfor the caseof the online algorithmswhere

theneuralnetworksweretrainedwith tenupdatestepsper trainingexample.As shown in

Table3.7,onlinebaggingperformedsignificantlybetterthanonlineneuralnetworksmost

of thetime. Thebatchalgorithmscontinuedto performsignificantlybetterthantheonline

algorithmswith 10updatesperexample(Figure3.9andFigure3.10),but not to aslargean

extentasin theoneupdatecase.

In summary, with basemodelsfor which we have proportionallearningalgorithms

(decisiontree,decisionstump,Naive Bayes),onlinebaggingachievedcomparableclassi-

fication performanceto batchbagging. As expected,both baggingalgorithmsimproved

significantly upon decisiontreesbecausedecisiontree learningis unstable,and did not

improvesignificantlyuponNaiveBayesanddecisionstumpswhich arestablelearningal-

gorithms.With neuralnetworks,thepoorerperformancesof theonlinebasemodelsled to

poorerperformanceof theonlinebaggingalgorithm.However, especiallyin largerdatasets,

the lossin performancedueto online neuralnetwork learningwaslow, which led to low

lossin theperformanceof onlinebagging.This small performancereductionmaybeac-
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Figure3.6: TestErrorRates:BatchBagging
vs. OnlineBaggingwith decisionstumpbase
models.
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Figure3.7: TestError Rates:BatchNeural
Network vs. OnlineNeuralNetwork (oneup-
dateperexample).
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Figure3.8: TestErrorRates:BatchBagging
vs. OnlineBaggingwith neuralnetwork base
models.

ceptablegiventhe greatreductionin runningtime. We examinethe runningtimesof the

algorithmsin thenext section.

3.5.3 Running Times

The runningtimesof all the algorithmson all the datasetsexplainedin the previous

sectionare shown in Tables3.8, 3.9, 3.10, and 3.11. The running times with decision

trees,decisionstumps,and Naive Bayesclassifiersare generallycomparableand quite

low relative to the running times for boostingthat we will examinein the next chapter.
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Table3.6: Results(fractioncorrect):batchandonlinebagging(with neuralnetworks).The
column“NeuralNetwork” givestheaveragetestsetperformanceof runningbackpropaga-
tion with 10 epochson theentiretrainingset.“Online NeuralNet” is theresultof running
backpropagationwith oneupdatesteppertrainingexample.

Dataset Neural Bagging Online Online
Network NeuralNet Bagging

Promoters 0.8982* 0.9036* 0.5018 0.5509
Balance 0.9194* 0.9210* 0.6210 0.6554

BreastCancer 0.9527* 0.9561* 0.9223 0.9221
GermanCredit 0.7469 0.7495* 0.7479 º Ô{Æ�ÂzÂ"¾
CarEvaluation 0.9422* 0.9648* 0.8452 0.8461

Chess 0.9681* 0.9827* 0.9098 0.9277
Mushroom 1* 1* 0.9965 0.9959

Nursery 0.9829* º ÔLÂPÀ�¾Ç¼ * 0.9220 º ÔLÂ ¿ »z»
Connect4 0.8199* 0.8399* 0.7717 º Ô�À�Æ�Â ¿

Synthetic-1 0.7217* 0.7326* 0.6726 0.6850
Synthetic-2 0.8564* 0.8584* 0.8523 0.8524
Synthetic-3 0.9824 0.9824 0.9824 0.9824

Census-Income 0.9519 0.9533* 0.9520 0.9514
ForestCovertype 0.7573* 0.7787* 0.7381 0.7416

The runningtimesof online baggingwith ten-updateneuralnetworks arelower thanthe

runningtimesof batchbagginglargely becauseeachneuralnetwork in batchbaggingruns

throughthe training set 10 times,so baggingoverall runs throughthe training set 1000

times, whereasonline baggingonly runs throughthe training set once. This makes an

especiallybig differenceon larger datasetswherefewer passesthroughthe training set

meanslessdatabeingswappedbetweenthecomputer’s cache,mainmemory, andvirtual

memory. Not surprisingly, online baggingwith oneupdateper neuralnetwork ran much

fasterthanbatchbaggingbecauseonlinebaggingnotonly passedthroughthedatasetfewer

timesthanbatchbagging,but hadsubstantiallyfewerbackpropagationupdatespertraining

example(oneupdateperbasemodel)thanbatchbagging(tenupdatesperbasemodel).

Clearly, themainadvantagethatonlinebagginghasover batchbaggingis thesameas

theadvantagethatonlinelearningalgorithmsgenerallyhaveoverbatchlearningalgorithms—

theability to incrementallyupdatetheir hypotheseswith new trainingexamples.Givena
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Figure3.9: TestError Rates:BatchNeural
Network vs. OnlineNeuralNetwork (10 up-
datesperexample).
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Figure3.10: TestError Rates:BatchBag-
ging vs. OnlineBaggingwith neuralnetwork
basemodels.

fixed training set, batch learningalgorithmsoften run fasterthan online learningalgo-

rithmsbecausebatchalgorithmscanoftensettheir parametersonceandfor all by viewing

theentiretrainingsetatoncewhile onlinealgorithmshaveto updatetheirparametersonce

for every training example. However, in situationswherenew training examplesarear-

riving continually, batchlearningalgorithmsgenerallyrequirethat thecurrenthypothesis

be thrown away andthe entirepreviously-learnedtraining setplus the new examplesbe

learned.This often requiresfar too muchtime andis impossiblein caseswherethereis

moredatathancanbestored.Theability to incrementallyupdatelearnedmodelsis most

critical in situationsin whichdatais continuallyarriving andapredictionmustbereturned

for eachexampleasit arrives.Wedescribesuchascenarioin thenext section.

3.5.4 Online Dataset

In this section,we discussour experimentswith a datasetthat representsa trueonline

learningscenario.This datasetis from theCalendarAPprentice(CAP) project(Mitchell,

Caruana,Freitag,McDermott,& Zabowski, 1994).Themembersof this projectdesigned

a personalcalendarprogramthat helpsuserskeeptrack of their meetingschedules.The

softwareprovidesall theusualfunctionalityof calendarsoftwaresuchasadding,deleting,

moving, and copying appointments.However, this software hasa learningcomponent

that learnsuserpreferencesof the meetingtime, date,location,andduration. After the
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Table3.7: Results(fractioncorrect):onlinealgorithms(with neuralnetworkstrainedwith
10 updatestepspertrainingexample).

Dataset Neural Bagging Online Online
Network NeuralNet Bagging

Promoters 0.8982* 0.9036* 0.8036 º Ô�À�Æ�Â ¿
Balance 0.9194* 0.9210* 0.8965 0.9002

BreastCancer 0.9527* 0.9561* 0.9020 0.8987
GermanCredit 0.7469* 0.7495* 0.7062 0.7209
CarEvaluation 0.9422* 0.9648* 0.8812 0.8877

Chess 0.9681* 0.9827* 0.9023 0.9185
Mushroom 1* 1* 0.9995 º ÔLÂzÂÈ»z»

Nursery 0.9829* º ÔLÂPÀ�¾Ç¼ * 0.9411 0.9396
Connect4 0.8199* 0.8399* 0.7042 0.7451

Synthetic-1 0.7217* 0.7326* 0.6514 0.6854
Synthetic-2 0.8564* 0.8584* 0.8345 0.8508
Synthetic-3 0.9824* 0.9824 0.9811 0.9824

Census-Income 0.9519* 0.9533* 0.9487 0.9487
ForestCovertype 0.7573* 0.7787* 0.6974 0.7052

userentersvariousattributesof a meetingto be set up (e.g., the numberof attendees),

thesoftwaremay, for example,suggestto theuserthatthedurationof themeetingshould

be 30 minutes. The usermay theneitheracceptthat suggestionor may entera different

duration.Theuser’sselectionis usedto makeatrainingexamplethatis thenusedto update

thesoftware’s currenthypothesisof what theuser’s preferreddurationis asa functionof

the othermeetingattributes. The softwaremaintainsonehypothesisfor eachvalueto be

predicted(meetingtime, date,location,andduration). In CAP, the hypothesisis a setof

rulesextractedfrom adecisiontreeconstructedby aproceduresimilar to ID3. Everynight,

a new decisiontree is constructedusing 120 randomly-selectedappointmentsfrom the

user’sprevious180appointments(thisnumberwaschosenthroughtrial anderror).A setof

rulesis extractedfrom thisdecisiontreeby convertingeachpathin thedecisiontreeinto an

if-then rule,wherethe“if ” portionis theconjunctionof thetestsat eachnonterminalnode

alongthepath,andthe“then” portionis theclassattheleafnodeof thepath.Preconditions

of theserules are removed if the removal doesnot result in reducedaccuracy over the

previous180appointments.Any new rulesthatareduplicatesof previously-generatedrules
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Table3.8: RunningTimes(seconds):batchandonlinebagging(with DecisionTrees)

Dataset DecisionTree Bagging OnlineBagging

Promoters 0.16 1.82 1.88
Balance 0.18 1.66 1.96

BreastCancer 0.18 1.88 2.28
GermanCredit 0.22 8.98 9.68
CarEvaluation 0.3 4.28 4.28

Chess 0.98 20.4 20.22
Mushroom 1.12 22.6 23.68

Nursery 1.22 29.68 32.74

areremoved.Theremainingnew rulesarethensortedwith thepreviously-generatedrules

basedon their accuracy over theprevious 180appointments.For the entirenext day, the

softwareusestheserulesto give theuseradvice.Specifically, in thesortedlist of rules,the

first rulewhosepreconditionsmatchtheknown attributesof themeetingto bescheduledis

usedto give theuserasuggestion.

The datasetthatwe experimentedwith containsoneuser’s 1790appointmentsover a

two-yearperiod.Everyappointmenthas32inputattributesandfour possibletargetclasses.

We ran our basemodel learningalgorithmsandour online ensemblealgorithmson this

datasetwith theaimof predictingtwo differenttargets:thedesireddurationof themeeting

(of which thereare13possiblevalues)andthedayof theweek(of whichtherearesix pos-

siblevalues—theuserchoseto never schedulemeetingsfor Sunday)É . Thebasicstructure

of our onlinemethodof learningis given in Figure3.11. That is, for eachtrainingexam-

ple, we first predictthedesiredtargetusingthecurrenthypothesis.This predictionis the

suggestionthat would be suppliedto the userif our learningalgorithmwasincorporated

in thecalendarsoftware. We thenobtainthedesiredvalueof the target—inour case,we

obtain it from the datasetbut in generalthis would be obtainedfrom the user. We then

checkwhetherourcurrenthypothesiscorrectlypredictedthetargetandupdateour running

total of the numberof errorsmadeso far if necessary. Thenwe usethe online learning

algorithmto updateour currenthypothesiswith this new example.Ê
We raneveryalgorithmseparatelyfor eachtarget.
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Table3.9: RunningTimes(seconds):batchandonlinebagging(with NaiveBayes)

Dataset NaiveBayes Bagging OnlineBagging

Promoters 0.02 0.2 0.22
Balance Ë 0.02 0.1 0.1

BreastCancer 0.02 0.14 0.32
GermanCredit Ë 0.02 0.14 0.38
CarEvaluation 0.04 0.34 0.44

Chess 0.42 1.02 1.72
Mushroom 0.38 2.14 3.28

Nursery 0.86 1.82 3.74
Connect-4 6.92 33.98 42.04
Synthetic-1 7.48 45.6 64.16
Synthetic-2 5.94 44.78 74.84
Synthetic-3 4.58 44.98 56.2

Census-Income 56.6 131.8 157.4
ForestCovertype 106.0 371.8 520.2

Table3.10:RunningTimes(seconds):batchandonlinebagging(with decisionstumps)

Dataset DecisionStump Bagging OnlineBagging

Promoters 0.2 0.2 0.3
Balance 0.14 0.14 0.2

BreastCancer 0.1 0.28 0.3
GermanCredit 0.36 0.46 0.56
CarEvaluation 0.1 0.14 0.28

Chess 1.46 15 2.98
Mushroom 0.8 2.04 2.68

Nursery 0.26 19.64 5.1
Connect-4 5.94 53.66 33.72
Synthetic-1 3.8 26.6 28.02
Synthetic-2 3.82 30.26 28.34
Synthetic-3 4.06 29.36 36.04

Census-Income 51.4 124.2 131.8
ForestCovertype 176.64 594.34 510.58
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Table3.11: Runningtimes(seconds):batchandonline bagging(with neuralnetworks).
(1) indicatesoneupdateper training exampleand(10) indicates10 updatesper training
example.

Dataset Neural Bagging Online Online Online Online
Network Net(1) Bag(1) Net(10) Bag(10)

Promoters 2.58 442.74 0.1 32.42 2.34 334.56
Balance 0.12 12.48 0.02 1.48 0.14 11.7

BreastCancer 0.12 8.14 0.06 0.94 0.18 6.58
GermanCredit 0.72 73.64 0.1 7.98 0.68 63.5
CarEvaluation 0.6 36.86 0.1 3.92 0.46 36.82

Chess 1.72 166.78 0.38 20.86 1.92 159.8
Mushroom 7.68 828.38 1.2 129.18 6.64 657.48

Nursery 9.14 1118.98 1.54 140.02 9.22 1004.8
Connect-4 2337.62 156009.3 356.12 28851.42 1133.78 105035.76
Synthetic-1 142.02 15449.58 17.38 2908.48 149.34 16056.14
Synthetic-2 300.96 24447.2 17.74 3467.9 124.22 13327.66
Synthetic-3 203.82 17672.84 24.12 2509.6 117.54 12469.1

Census-Income 4221.4 201489.4 249 23765.8 1405.6 131135.2
ForestCovertype 2071.36 126518.76 635.48 17150.24 805.04 73901.86

The resultsof predictingthe day of the weekandthe desiredmeetingdurationusing

thebaseclassifiersin isolationandaspartof onlinebaggingareshown in Table3.12.They

aretheresultsof runningthealgorithmshown in Figure3.11with ��Ì replacedby thebase

modellearningalgorithmsandtheonlinebaggingalgorithmswith thesebasemodels.The

accuracy on the * th exampleis measuredto be1 if thehypothesislearnedonlineusingthe

previous * ý �
examplesclassifiesthe * th examplecorrectly, and0 otherwise.Thevalues

givenin thetablearetheaverageaccuraciesoverall theexamplesin thedataset.

To provide a basisfor comparison,the learningalgorithm usedin the CAP project

hadanaverageaccuracy of around0.50for dayof theweekandaround0.63for meeting

duration. Decisionstumps,Naive Bayesclassifiers,andneuralnetworks aswell as the

baggingalgorithmswith theseasbasemodelswerenotcompetitive.Decisiontreelearning

was competitive (averageaccuracy 0.5101for day of the week and 0.6905for meeting

duration)and online baggingwith decisiontreesperformedrelatively well (0.5536and

0.7453)on thesetasks.This is consistentwith theCAPdesigners’decisionto usedecision
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Initial condition: � ¾\¾ Á ¾ !¦ÍÏÎ .
OnlineLearning( ÐÁÑ'Ò )

GivesuggestionÓÔ ÍÕÐWÖLÒÁ× .
Obtainthedesiredtargetvalue Ô .
if ÔÙØÍ®ÓÔ , then � ¾\¾ Á ¾ !¤| � ¾\¾ Á ¾ !$}ÏÚ .ÐØ|�Û Ì Ö{ÐÇÑ�ÖLÒWÑ Ô ×'×

Figure3.11: Basicstructureof online learningalgorithmusedto learnthecalendardata. Ð is the
currenthypothesis,Ò is thelatesttrainingexampleto arrive,and Û Ì is theonlinelearningalgorithm.

treelearningin their program.Our onlinealgorithmclearlyhasa majorbenefitover their

method:we areableto learnfrom all the trainingdataratherthanhaving to usetrial and

error to selecta window of pastexamplesto learnfrom, which is the only way to make

mostbatchalgorithmspracticalfor this typeof problemin which datais continuallybeing

generated.

3.6 Summary

In thischapter, wefirst reviewedthebaggingalgorithmanddiscussedtheconditionsun-

derwhichit tendsto work well relativeto singlemodels.Wethenderivedanonlinebagging

algorithm. We proved the convergenceof the ensemblegeneratedby the online bagging

algorithmto thatof batchbaggingsubjectto certainconditions.Finally we comparedthe

two algorithmsempiricallyon several “batch” datasetsof varioussizesandillustratedthe

performanceof onlinebaggingin a domainin whichdatais generatedcontinuously.
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Table3.12:Results(fractioncorrect)on CalendarApprenticeDataset

DecisionTrees
Target SingleModel OnlineBagging

Day 0.5101 0.5536
Duration 0.6905 0.7453

NaiveBayes
Target SingleModel OnlineBagging

Day 0.4520 0.3777
Duration 0.1508 0.1335

DecisionStumps
Target SingleModel OnlineBagging

Day 0.1927 0.1994
Duration 0.2626 0.2553

NeuralNetworks(one
updateperexample)

Target SingleModel OnlineBagging

Day 0.3899 0.2972
Duration 0.5106 0.4615

NeuralNetworks(ten
updatesperexample)

Target SingleModel OnlineBagging

Day 0.4028 0.4380
Duration 0.5196 0.5240
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Chapter 4

Boosting

In thischapter, wefirst describetheboostingalgorithmAdaBoost(Freund& Schapire,

1996,1997) and someof the theory behindit. We then derive our online boostingal-

gorithm. Finally, we comparethe performancesof the two algorithmstheoreticallyand

experimentally.

4.1 Earlier BoostingAlgorithms

The first boostingalgorithm(Schapire,1990)wasdesignedto convert a weakPAC-

learningalgorithminto a strongPAC-learningalgorithm(see(Kearns& Vazirani,1994)

for a detailedexplanationof thePAC learningmodelandSchapire’s original boostingal-

gorithm). In thePAC (ProbablyApproximatelyCorrect)modelof learning,a learnerhas

accessto a setof labeledexamplesof theform ÎÂÏ Ó â�Î�Ï1ÐÝÐ whereeachÏ is chosenrandomly

from afixedbut unknown probabilitydistribution Ü over thedomain× , and â is thetarget

conceptthatthelearneris trying to learn.Theconceptâ is drawn from someconceptclassÝ
and â�Î�Ï1Ð¦Ê �

if the example Ï is in the conceptand â�Î�Ï1Ð¦Êt0 if not. The learneris

expectedto returna hypothesisÍ1­D× � å+0 Ó � æ which hopefully hassmall error, which

is definedto be Ú � µ"Þ Î!ÍtÎ�Ï1Ð¬ßÊ â�ÎÂÏ1ÐÝÐ —this is the probability that the hypothesisandtrue

conceptdisagreeon anexampledrawn randomlyfrom thesamedistribution usedto gen-

eratethe trainingexamples.A strongPAC-learningalgorithmis an algorithmthat,given

any -°.t0 , à	.t0 , andaccessto training examplesdrawn randomlyfrom Ü , returnsa
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hypothesishaving erroratmost - with probabilityat least
� ýCà . Thealgorithmmustdothis

in a runningtime polynomialin
�²� - , �]� à , thecomplexity of the target concept,andsome

appropriatemeasureof the dimensionalityof the examplespace.A weakPAC-learning

algorithmis thesameasa strongPAC-learningalgorithmexceptthatthesetof acceptable

valuesfor - mayberestricted.More precisely, theremustexist someáÕ.u0 suchthatany-/7 þ �]� 9 ýâá Ó �²� 9 � maybeselected.

A boostingalgorithmis formally definedto beanalgorithmthatconvertsaweaklearn-

ing algorithminto a stronglearningalgorithm. That is, it boostsa learningalgorithmthat

performsslightly better than randomchanceon a two-classprobleminto an algorithm

thatperformsverywell on thatproblem.Schapire’soriginal boostingalgorithm(Schapire,

1990)is arecursivealgorithm.At thebottomof therecursion,it combinesthreehypotheses

generatedby theweaklearningalgorithm.Theerrorof this combinationis provably lower

thantheerrorsof theweakhypotheses.Threeof thesecombinationsarethenconstructed

andcombinedto form a combinationwith still lower error. Additional levelsin therecur-

sionareconstructeduntil thedesirederrorboundis reached.Freund(Freund,1995)later

devised the “boost-by-majority” algorithm which, like the original algorithm, combines

many weakhypotheses,but it combinesthemall at thesamelevel, i.e., thereis no multi-

level hierarchyasthereis for theoriginal boostingalgorithm.However, this algorithmhas

onepracticaldeficiency: thevalueof á asdefinedabove (theamountby which theweak

learningalgorithmperformsbetterthanrandomchance)hasto beknown in advance.The

AdaBoostalgorithmeliminatesthis requirement.In fact, it is calledAdaboostbecauseit

adaptsto theactualerrorsof thehypothesesreturnedby theweaklearningalgorithm. As

explainedin Chapter2, AdaBoostis anensemblelearningalgorithmthatcombinesasetof

basemodelsmadediverseby presentingthebasemodellearningalgorithmwith different

distributionsover thetrainingset.Weexplainhow this happensnow.

4.2 The AdaBoostAlgorithm

The AdaBoostalgorithm, which is the boostingalgorithm that we use,generatesa

sequenceof basemodelswith differentweightdistributionsover thetrainingset.TheAd-
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AdaBoost( ��ÖLÒ � Ñ Ô � ×rÑ:ã:ã:ã�Ñ�ÖLÒ � Ñ Ô � × � Ñ�Û § Ñ~ä )

Initialize å � Ö+£o×lÍæÚ�çÝ¥ for all £C�Ä�+Ú�Ñ���Ñ:ã:ã:ã"Ñ	¥ � .
For è�ÍæÚ�Ñ���Ñ:ã:ã:ã"Ñ~ä :ÐzéEÍÏÛ § Ö!��ÖLÒ � Ñ Ô � ×rÑ:ã:ã:ã�Ñ�ÖLÒ � Ñ Ô � × � Ñ�åêé/× .Calculatetheerrorof Ð2éìë�í�éÏÍ · «�î ï�ð �j��ñ ��ò¹ ´ ñ åêéêÖ+£o× .

If í�éìóEÚ�ç\� then,

set äôÍÏè©õ°Ú andabortthis loop.

Updatedistribution åêé : for all £ ,

åêé µ � Ö+£o×öÍÏåêé
Ö+£o×ø÷�ùúüû �� � � ��ý ðö� if ÐzéêÖLÒ « ×öÍ Ô «�� ý ð otherwise

Output thefinal hypothesis:Ð ¨ª©�« ÖLÒP×fÍ®­\¯�°²± ­�³ ´�µ�¶ · é î ï�ð �j� � ¹ ´ �,ÁFÃ � ��ý ðý ð ã
Figure4.1: AdaBoostalgorithm: ��ÖLÒ � Ñ Ô � ×rÑ:ã:ã:ã�Ñ�ÖLÒ � Ñ Ô � × � is the setof training examples,Û § is
thebasemodellearningalgorithm,and ä is thenumberof basemodelsto begenerated.

aBoostalgorithmis shown in Figure4.1. Figure4.2depictsAdaBoostin action.Its inputs

area setof � trainingexamples,a basemodellearningalgorithm � § , andthenumber�
of basemodelsthatwe wish to combine.AdaBoostwasoriginally designedfor two-class

classificationproblems;therefore,for this explanationwe will assumethat therearetwo

possibleclasses.However, AdaBoostis regularly usedwith a larger numberof classes.

Thefirst stepin Adaboostis to constructaninitial distributionof weightsÖ � overthetrain-

ing setwhich assignsequalweight to all � training examples.For example,a setof 10

trainingexampleswith weight
�²��� 0 eachis depictedin Figure4.2 in the leftmostcolumn

whereeverybox,whichrepresentsonetrainingexample,is of thesamesize.Wenow enter

the loop in the algorithm. To constructthe first basemodel,we call � § with the training

setweightedby Ö � � . After gettingbacka hypothesisÍ � , we calculateits error - � on the

training set itself, which is just the sumof the weightsof the training examplesthat Í �
misclassifies.We requirethat - � Ë �²� 9

(this is the weaklearningassumption—theerror§
If þoÿ cannottake a weightedtrainingset,thenonecancall it with a trainingsetgeneratedby sampling

with replacementfrom theoriginal trainingsetaccordingto thedistribution ��� .
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shouldbe lessthanwhatwe would achieve throughrandomlyguessingtheclass). If this

conditionis notsatisfied,thenwestopandreturntheensembleconsistingof thepreviously-

generatedbasemodels. If this conditionis satisfied,thenwe calculatea new distributionÖ � over the training examplesasfollows. Examplesthat werecorrectlyclassifiedby Í �
havetheirweightsmultipliedby

�� � � ��ý � � . Examplesthatweremisclassifiedby Í � havetheir

weightsmultiplied by
�� ý � . Note that, becauseof our condition - � Ë �²� 9

, correctlyclas-

sifiedexampleshave their weightsreducedandmisclassifiedexampleshave their weights

increased.Specifically, examplesthat Í � misclassifiedhave their total weight increasedto�²� 9
under Ö � andexamplesthat Í � correctlyclassifiedhave their total weight reducedto�²� 9
underÖ � . In ourexamplein Figure4.2,thefirst basemodelmisclassifiedthefirst three

trainingexamplesandcorrectlyclassifiedthe remainingones;therefore,- � Ê Ë �*� 0 . The

threemisclassifiedexamples’weightsareincreasedfrom
�²�*� 0 to

�²���
(the heightsof the

top threeboxeshave increasedin thefigurefrom thefirst columnto thesecondcolumnto

reflectthis), which meansthe total weightof themisclassifiedexamplesis now
�²� 9

. The

sevencorrectlyclassifiedexamples’weightsaredecreasedfrom
�²�*� 0 to

�²��� `
(theheights

of theremainingsevenboxeshave decreasedin thefigure),which meansthetotal weight

of thecorrectlyclassifiedexamplesis now also
�²� 9

. Returningto our algorithm,aftercal-

culating Ö � , we go into thenext iterationof theloop to constructbasemodel Í � usingthe

trainingsetandthenew distribution Ö � . Thepoint of this weightadjustmentis thatbase

model Í � will begeneratedby aweaklearner(i.e., thebasemodelwill haveerrorlessthan�²� 9
); therefore,at leastsomeof theexamplesmisclassifiedby Í � will have to belearned.

Weconstruct� basemodelsin this fashion.

The ensemblereturnedby AdaBoostis a function that takesa new exampleasinput

andreturnstheclassthatgetsthemaximumweightedvoteover the � basemodels,where

eachbasemodel’sweightis <p$��½Î � ��ý ðý ð Ð , which is proportionalto thebasemodel’saccuracy

ontheweightedtrainingsetpresentedto it. Accordingto FreundandSchapire,thismethod

of combiningis derivedasfollows. If wehavea two-classproblem,thengivenaninstanceÏ andbasemodelpredictionsÍ é Î�Ï1Ð for =�7 å � Ó�Ô\Ô\Ô�Ó �ïæ , by theBayesoptimaldecision

rule weshouldchoosetheclassÑ � over Ñ � ifÚÛÎ!ÒïÊ Ñ � ä Í � Î�Ï1Ð Ó\Ô\Ô�Ô�Ó Í � Î�Ï1ÐÝÐ . ÚÛÎ!ÒÜÊíÑ � ä Í � Î�Ï1Ð Ó\Ô�Ô\Ô�Ó Í � Î�Ï1ÐÝÐ Ô
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Examples
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Combination

Figure4.2: TheBatchBoostingAlgorithm in action.

By Bayes’s rule,wecanrewrite thisasÚÛÎ!ÒÜÊíÑ � Ð�ÚÛÎZÍ � Î�Ï1Ð Ó\Ô\Ô�Ô�Ó Í � Î�Ï1Ð²ä(ÒïÊ Ñ � ÐÚÿÎ!Í � ÎÂÏ1Ð Ó\Ô\Ô\Ô\Ó Í � ÎÂÏ1Ð�Ð . ÚÛÎ!ÒïÊ Ñ � Ð�ÚÿÎ!Í � ÎÂÏ1Ð Ó�Ô\Ô\Ô�Ó Í � ÎÂÏ1Ð²ä ÒïÊ Ñ � ÐÚÛÎZÍ � ÎÂÏ1Ð Ó\Ô\Ô\ÔFÓ Í � ÎÂÏ1Ð�Ð Ô
Sincethedenominatoris thesamefor all classes,we disregardit. Assumethat theerrors

of thedifferentbasemodelsareindependentof oneanotherandof thetargetconcept.That

is, assumethattheevent Í é ÎÂÏ1Ð8ßÊÜÑ is conditionallyindependentof theactuallabel Ñ and

thepredictionsof theotherbasemodels.Then,wegetÚÛÎ!ÒïÊ Ñ � Ð �é î ï ð �j� �>ò¹ ´ � - é �é î ï ð �j� � ¹ ´ � Î � ýE- é Ð .ÚÛÎ!ÒïÊ Ñ � Ð �é î ï ð �b� ��ò¹ ´	� - é �é î ï ð �j� � ¹ ´	� Î � ýE- é Ð
where - é ÊÌÚÛÎZÍ é ÎÂÏ1Ð¬ßÊ ÑSÐ and Ñ is the actuallabel. This intuitively makessense:we

want to choosethe class Ñ that hasthe bestcombinationof high prior probability (theÚÛÎ!ÒÜÊíÑSÐ factor),highaccuracies(
� ý - é ) of modelsthatvotefor classÑ (thosefor which
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Í é Î�Ï1Ð¦ÊéÑ ), andhigh errors( - é ) for modelsthat vote againstclass Ñ (thosefor whichÍ é Î�Ï1ÐdßÊKÑ ). If we addthetrivial basemodel ÍPÌ thatalwayspredictsclassÑ � , thenwe can

replaceÚÛÎ!ÒÜÊ Ñ � Ð with
� ýE- n and ÚÿÎ ÒïÊ Ñ � Ð with - n . Dividing by the - é ’s,weget�é î ï ð �b� � ¹ ´ � � ýE- é- é . �é î ï ð �j� � ¹ ´	� � ýÕ- é- é Ô

Takinglogarithmsandreplacinglogsof productswith sumsof logs,wegetßé î ï ð �j� � ¹ ´ � J�
 ÷ � � ýÕ- é- é � . ßé î ï ð �b� � ¹ ´	� J�
 ÷ � � ýE- é- é � Ô
If therearemorethantwo classes,onecansimplychoosetheclassÑ thatmaximizesßé î ï�ð �b� � ¹ ´ J�
 ÷ � � ýE- é- é � Ô
which is themethodthatAdaBoostusesto choosetheclassificationof anew example.

4.3 Why and When BoostingWorks

The questionof why boostingperformsaswell asit hasin experimentalstudiesper-

formed so far (e.g., (Freund& Schapire,1996; Bauer& Kohavi, 1999)) hasnot been

preciselyanswered.However, therearecharacteristicsthatappearsystematicallyin exper-

imentalstudiesandcanbeseenjust from thealgorithm.

Unlike bagging,which is largely a variancereductionmethod,boostingappearsto re-

ducebothbiasandvariance.After abasemodelis trained,misclassifiedtrainingexamples

havetheirweightsincreasedandcorrectlyclassifiedexampleshavetheirweightsdecreased

for the purposeof training thenext basemodel. Clearly, boostingattemptsto correctthe

biasof themostrecentlyconstructedbasemodelby focusingmoreattentionon theexam-

plesthat it misclassified.This ability to reducebiasenablesboostingto work especially

well with high-bias,low-variancebasemodelssuchasdecisionstumpsandNaive Bayes

classifiers.

Onenegativeaspectof boostingis thedifficulty that it haswith noisydata.Noisy data

is generallydifficult to learn;therefore,in boosting,many basemodelstendto misclassify
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noisytrainingexamples,causingtheir weightsto increasetoo much.This causesthebase

modellearningalgorithmto focustoo muchon thenoisy examplesat the expenseof the

remainingexamplesandoverall performance.

Thereis a well-known theoremby FreundandSchapireproving thatthetrainingerror

of theboostedensembledecreasesexponentiallyin thenumberof basemodels.

Theorem 3 SupposetheweaklearningalgorithmWeakLearn, whencalledby AdaBoost,

generateshypotheseswith errors - ��Ó - �]Ó�Ô\Ô\Ô�Ó - � . Thentheerror -ÆÊ Ú ©�
�� þ Í ¨ ÎÂÏ © Ð«ßÊ Ñ © � of

thefinalhypothesisÍ ¨m©b« returnedbyAdaBoost is boundedaboveby
9 ��� �é ¹1��� - é Î � ýE- é Ð .

Onewould think that increasingthe numberof basemodelsso much that the train-

ing error goesto zero would lead to overfitting due to the excessive sizeof the ensem-

ble model. However, several experimentshave demonstratedthataddingmoreandmore

basemodelsevenafter the trainingerrorhasgoneto zerocontinuesto reducethe tester-

ror (Drucker & Cortes,1996;Quinlan,1996;Breiman,1998).Therehasbeensomemore

recentwork (Schapire,Freund,Bartlett,& Lee,1997,1998)that attemptsto explain this

phenomenonin termsof the distribution of margins of the training examples,wherethe

margin of anexampleis thetotal weightedvote for thecorrectclassminusthemaximum

total weightedvotereceivedby any incorrectclass.That is, it is claimedthataddingmore

basemodelsto theensembletendsto increasethedistributionof marginsover thetraining

set.For thetrainingerrorto reachzero,oneonly needsapositivemargin onall thetraining

examples;however, evenafterthis is achieved,boostingcontinuesto increasethemargins,

therebyincreasingtheseparationbetweentheexamplesin thedifferentclasses.However,

thisexplanationhasbeenshown experimentallyto beincomplete(Breiman,1997).A theo-

reticalexplanationfor boosting’sseemingimmunityto overfittinghasnotyetbeenobtained

andis anactiveareaof research.However, this immunityandboosting’sgoodperformance

in experimentsmakesit oneof themostpopularensemblemethods,which is why wenow

deviseanonlineversion.
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Initial conditions:For all è��¦��Ú�Ñ���Ñ:ã:ã:ã�Ñ~ä � , � Q àé ÍÏÎÈÑ�� Q��é ÍÏÎ .
OnlineBoosting( �fÑ�Û Ì Ñ�ÖLÒWÑ Ô × )

Settheexample’s “weight” �8ÍæÚ .
For eachbasemodel Ðzé , ( è��Ä��Ú�Ñ���Ñ:ã:ã:ã�Ñ~ä � ) in � ,

Set � accordingto  Á���!"!�Á�£lÖ�����× .
Do � timesÐzéÕÍÏÛ Ì Ö{Ðzé
Ñ�ÖLÒWÑ Ô ×'×
If Ô ÍÕÐ2é
ÖLÒP×
then � Q àé |}õ�� Q àé }��í'éf|}õ x O��ðx O� ð µ x O��ð� |}õ!�#" �� � � ��ý ðö�%$else � Q��é |}õ&� Q��é }&�í'éf|}õ x O��ðx O� ð µ x O��ð� |}õ!� " �� ý ð $

To classifynew examples:

Return ÐWÖLÒÁ×fÍ®­\¯	°²± ­�³ à µ\¶�· é î ï ð �b� � ¹ à �,ÁFÃ � ��ý ðý ð .

Figure4.3: OnlineBoostingAlgorithm: � is thesetof ä basemodelslearnedsofar, ÖLÒoÑ Ô × is the
latesttrainingexampleto arrive,and Û Ì is theonlinebasemodellearningalgorithm.

4.4 The Online BoostingAlgorithm

Justlike bagging,boostingseemsto requirethat theentiretrainingsetbeavailableat

all timesfor every basemodelto begenerated.In particular, at eachiterationof boosting,

wecall thebasemodellearningalgorithmon theentireweightedtrainingsetandcalculate

the error of the resultingbasemodelon the entiretraining set. We thenusethis error to

adjusttheweightsof all thetrainingexamples.

However, we have devisedanonlineversionof boostingthat is similar in principle to

our onlinebaggingalgorithm.Recallthattheonlinebaggingalgorithmassignseachtrain-
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ing examplea Poissonparameterv Ê �
to correspondto theweight

�²� � assignedto each

trainingexampleby thebatchbaggingalgorithm.Whenthebatchboostingalgorithmgen-

eratesthefirst basemodel,every trainingexampleis assignedaweight
�²� � just likebatch

bagging,sotheonlineboostingalgorithmassignseachexampleaPoissonparametervÄÊ �
just likeonlinebagging.For subsequentbasemodels,onlineboostingupdatesthePoisson

parameterfor eachtraining examplein a mannervery similar to the way batchboosting

updatestheweightof eachtrainingexample—increasingit if theexampleis misclassified

anddecreasingit if theexampleis correctlyclassified.

The pseudocodeof our online boostingalgorithm is given in Figure 4.3. Because

our algorithm is an online algorithm, its inputs are the currentset of basemodels ' Êå�Í ��Ó\Ô\Ô�Ô�Ó Í � æ andtheassociatedparametersv)(�* ÊPå�v Q à� Ó\Ô\Ô�Ô�Ó v Q à� æ and v)(�+®ÊÜå�v Q��� Ó\Ô\Ô\ÔFÓ v Q��� æ
(thesearethe sumsof the weightsof the correctlyclassifiedandmisclassifiedexamples,

respectively, for eachof the � basemodels),aswell asan online basemodel learning

algorithm ��Ì anda new labeledtrainingexample ÎÂÏ Ó ÑSÐ . Thealgorithm’s outputis a new

classificationfunctionthat is composedof updatedbasemodels' andassociatedparame-

ters v (,* and v (�+ . Thealgorithmstartsby assigningthetrainingexample ÎÂÏ Ó ÑSÐ the“weight”vzÊ �
. Thenthealgorithmgoesinto a loop, in which onebasemodelis updatedin each

iteration.For thefirst iteration,wechoose� accordingto the Ú%$¿ú\&(&($(*áÎ�v1Ð distribution,and

call ��Ì , theonlinebasemodellearningalgorithm, � timeswith basemodel Í � andexampleÎÂÏ Ó Ñ;Ð . We thenseeif theupdatedÍ � haslearnedtheexample,i.e.,whetherÍ � classifiesit

correctly. If it does,we updatev Q à� , which is thesumof theweightsof theexamplesthatÍ � classifiescorrectly. We thencalculate- � which, just like in boosting,is the weighted

fractionof thetotalexamplesthat Í � hasmisclassified.We thenupdatev by multiplying it

by thesamefactor
�� � � ��ý � � thatwe do in AdaBoost.On theotherhand,if Í � misclassifies

example Ï , thenwe incrementv Q��� , which is thesumof theweightsof theexamplesthatÍ � misclassifies.Thenwe calculate- � andupdatev by multiplying it by
�� ý � , which is the

samefactorthatis usedby AdaBoostfor misclassifiedexamples.We thengo into thesec-

ond iterationof the loop to updatethesecondbasemodel Í � with example Î�Ï Ó Ñ;Ð andits

new updatedweight v . We repeatthis processfor all � basemodels.Thefinal ensemble

returnedhasthesameform asin AdaBoost,i.e., it is a functionthat takesa new example

andreturnstheclassthatgetsthemaximumweightedvoteoverall thebasemodels,where
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Figure4.4: Illustration of online boostingin progress.Eachrow representsoneexamplebeing
passedin sequenceto all the basemodelsfor updating;time runsdown the diagram. Eachbase
model (depictedhereas a tree) is generatedby updatingthe basemodel above it with the next
weightedtraining example. In the upperleft corner(point “a” in the diagram)we have the first
training example. This exampleupdatesthe first basemodelbut is still misclassifiedafter train-
ing, so its weight is increased(the rectangle“b” usedto representit is taller). This examplewith
its higherweight updatesthe secondbasemodelwhich thencorrectly classifiesit, so its weight
decreases(rectangle“c”).

eachbasemodel’svoteis -�.�/103254�6�76 798 , which is proportionalto thebasemodel’saccuracy on

theweightedtrainingsetpresentedto it.

Figure4.4 illustratesour online boostingalgorithm in action. Eachrow depictsone

trainingexampleupdatingall thebasemodels.For example,at theupperleft corner(rect-

angle“a” in the diagram)we have the first training example. The first basemodel (the

treeto the right of the “a” rectangle)is updatedwith example“a,” however thefirst base

modelstill misclassifiesthatexample;thereforetheexample’sweightis increased.This is
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depictedasrectangle“b” which is taller to indicatethattheexamplenow hasmoreweight.

The secondbasemodel is now updatedwith the sametraining examplebut with its new

higherweight.Thesecondbasemodelcorrectlyclassifiesit, thereforeits weightis reduced

(depictedby rectangle“c”). This continuesuntil all thebasemodelsareupdated,at which

time we throw away this training exampleandpick up the next example(rectangle“d”

in thefigure). We thenupdateall thebasemodelswith this new example,increasingand

decreasingthis example’s weightasnecessary. Eachcolumnof basemodels(depictedin

thediagramastrees)is actuallythesamebasemodelbeingincrementallyupdatedby each

new trainingexample.

Oneareaof concernis that, in AdaBoost,an example’s weight is adjustedbasedon

theperformanceof a basemodelon theentiretrainingset,whereasin onlineboosting,the

weight adjustmentis basedon the basemodel’s performanceonly on the examplesseen

earlier. To seewhy this maybean issue,considerrunningAdaBoostandonlineboosting

on a trainingsetof size10000.In AdaBoost,thefirst basemodel : 2 is generatedfrom all

10000examplesbeforebeingtestedon,say, thetenthtrainingexample.In onlineboosting,: 2 is generatedfrom only thefirst tenexamplesbeforebeingtestedon thetenthexample.

Clearly, we may expectthe two : 2 ’s to be very different; therefore,:�; in AdaBoostand:<; in onlineboostingmaybepresentedwith differentweightsfor thetenthexample.This

may, in turn, leadto very differentweightsfor thetenthexamplewhenpresentedto :<= in

eachalgorithm,andsoon.

We will seein Section4.6 that this is a problemthat often leadsto online boosting

performingworsethanbatchboosting,andsometimessignificantlyso. Onlineboostingis

especiallylikely to suffer a largelossinitially whenthebasemodelshavebeentrainedwith

very few examples,and the algorithmmay never recover. Even whenonline boosting’s

performanceendsupcomparableto thatof batchboosting,onemayobtainlearningcurves

suchaswhatis shown in Figure4.5.Thelearningcurveclearlyshowsthatonlineboosting

performspoorlyrelativeto batchboostingfor smallernumbersof examplesandthenfinally

catchesup to batchboostingby thetime theentiretrainingsethasbeenlearned.

To alleviate this problemwith onlineboosting,we implementedprimedonlineboost-

ing,whichtrainswith someinitial partof thetrainingsetin batchmodeandthentrainswith

theremainderin onlinemode.Thehopeis to reducesomeof thelossthatonlineboosting
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Figure4.5: Learningcurvesfor CarEvalua-
tion dataset.

suffers initially by training in batchmodewith a reasonableinitial portionof the training

set. We would like to get resultssuchaswhat is shown for “PrimedOnline Boosting” in

Figure4.5,which staysquitecloseto batchboostingfor all numbersof trainingexamples

andendswith anaccuracy betterthanwhatonlineboostingwithoutprimingachieves.

4.5 Convergenceof Batch and Online Boosting for Naive

Bayes

To demonstratetheconvergenceof onlineandbatchboosting,wedo a proof by induc-

tion over thebasemodels.Thatis, for thebasecase,wedemonstratethatif bothbatchand

onlineboostingaregiventhesametrainingset,thenthefirst basemodelreturnedby online

boostingconvergesto thatreturnedby batchboostingas >@? A . Thenweshow thatif theB th basemodelsconvergethenthe BDC�E stbasemodelsconverge. In theprocess,weshow

that thebasemodelerrorsalsoconverge. This is sufficient to show that theclassification

functionsreturnedby onlineboostingandbatchboostingconverge.

We first discusssomepreliminarypoints:definitionsandlemmasthatwill beusefulto

us.Thenwediscusstheproof of convergence.
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4.5.1 Preliminaries

Lemma3, Corollary2, andCorollary3 arestandardresults(Billingsley, 1995;Grim-

mett& Stirzaker, 1992),sowestatethemwithout proof.

Lemma 3 If F 2HG FI; G3J3J3J and K 2HG K); G3JLJ3J aresequencesof randomvariablessuch that FNMPO?F and K�MQO? K , then RS0�FNM G K�M 8 O? RS0�F G K 8 for anycontinuousfunction RUT�V ; ?WV .

Corollary 2 If FNMQO?XF and K�MQO? K , then FIMYK�MPO?WFUK .

Corollary 3 If FNM O?XF , K�M O? K , and K�M#Z\[ for all ] , then ^`_a _ O? ^ a .

Lemma 4 If F 2HG FI; GLJ3J3J and F arediscreterandomvariablesand FNM O? F , then bc0�FNMedf 8 O? bc0gFhd f 8 for all possiblevaluesf .
Proof: We have FIMiO? F , which impliesthat, for all jeZk[ , lm0Hn FNMpo�FDncZkj 8 ? [

as ]q? A . Sincethe variablesF and FNM for all ] are discrete-valued,we have thatlm0�FNMrosFtdu[ 8 ? E as ]v? A . This impliesthat lw0�bc0�FNMxd f 8 oybc0gFhd f 8 du[ 8 ? E
as ]z? A , which impliesthestatementof thetheorem.

Lemma 5 For all > , define {�|}0�] 8 and ~H|}0�] 8 over the integers ]���� E GH��G3J3JLJ�G >�� such

that [���{�|}0�] 8 � E , [���~H|}0�] 8 � E , {�|�0�] 8 O? ~H|�0�] 8 (as >h? A ), and � |M�� 2 {�|�0�] 8 d� |M�� 2 ~H|�0�] 8 d E . If F 2HG FI; GLJ3J3J and K 2�G K�; G3J3J3J are uniformlyboundedrandomvariables

such that Fm| O? K�| , then � |M3� 2 {�|}0�] 8 FNM O? ~H|�0�] 8 K)M .
Proof: We want to show, by thedefinitionof convergencein probability, that for allj�Z\[ , lm0Hn�� |M3� 2 {�|�0�] 8 FNMro�~H|�0�] 8 K)M)n�ZDj 8 ? [ as >@? A . Wehave

l��������
|� M�� 2 {�|}0�] 8 FNMro�~H|}0�] 8 K)Mc����� Z\j�� � l�� |� M3� 2 n {�|}0�] 8 FNMro�~H|�0�] 8 K�Mcn�ZDj�� J

It is sufficient for usto show that,for all jrZi[ and �wZ�[ , thereexistsan >x� suchthatfor

all >h��>x� , lw0,� |M�� 2 n�{�|�0�] 8 FNMro�~H|�0�] 8 K�M)n�ZDj 8�� � .
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We alreadyhave that Fm| O? K�| and {�|}0�] 8 O? ~H|�0�] 8 ; therefore, {�|}0�] 8 Fm| O?~H|�0�] 8 K�| . Since � |M3� 2 {�|�0�] 8 d � |M�� 2 ~H|}0�] 8 d E , by Corollary 1, � |M3� 2 n�{�|}0�] 8 o~H|�0�] 8 n`? [ . Therefore,we canchoosea constant� suchthat n�{�|�0�] 8 oD~ |}0�] 8 n¡����¢L> .

This,combinedwith theuniformboundednessof FNM and K)M , meansthat,for any j 2 Z\[ andj�;£Z\[ , wecanchoose>x¤ suchthatfor all >tZD>x¤ , lw0�n�{�|�0�] 8 Fm|¥oz~H|r0�] 8 K�|pn�Z\j 2 ¢L> 8��j�; . We will specifyfurther restrictionson j 2 and j�; later, but for now, it is sufficient that

they bepositive.

Have >hZ\>e¤ sothatwecanwritel � |� M�� 2 n�{�|�0�] 8 FIM�oy~H|�0�] 8 K�Mcn�ZDj � dl¦� |<§� M�� 2 n�{�|�0�] 8 FIM�oy~H|�0�] 8 K�Mcn C
|�M���|<§%¨ 2 n�{�|�0�] 8 FNMro�~H|}0�] 8 K�M�n�Z\j��©�l¦� | §� M�� 2 n�{�|�0�] 8 FIM�oy~H|�0�] 8 K�Mcn�Z j� � Cl¦� |�M���|<§%¨ 2 n�{�|�0�] 8 FNMro�~H|�0�] 8 K�M)n�Z j� � J (4.1)

We cansimply constraineachof the last two termsto be lessthan ��¢ � andwe will be

finished.Let uslook at thefirst termfirst. Wewantl�� | §� M3� 2 n {�|}0�] 8 FNMpoy~H|}0�] 8 K)M�n�Z j� � � �� J
Sincethe FNM ’s and K�M ’s areuniformly boundedand n {�|�0�] 8 oQ~H|}0�] 8 n��ª��¢L> aswe men-

tionedearlier, weknow thatthereexistsan « suchthat n {�|}0�] 8 FNM¬o­~H|r0�] 8 K�M)n � «D¢L> for

all ] . Sowehavel¦� |<§� M�� 2 n�{�|}0�] 8 FIM�o�~ |�0�] 8 K�Mcn�Z j� � � lq® >e¤�«> Z j�`¯ J
It is sufficient for usto have >x¤°«> � j� d1± >hZ � >x¤°«j J
Let usdefine² suchthat >³di² >x¤ . This meansthatit is sufficient to have ²�Z ;%´ 6 in order

to satisfytheconstrainton thefirst termof Equation4.1.
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Now let uslook at thesecondterm.Wewantl¦� |�M���|<§	¨ 2 n�{�|�0�] 8 FNMro�~H|}0�] 8 K�M�n�Z j� � � � � J (4.2)

Recallthatwehave,for ]�ZD>e¤ , lm0Hn�{�|£0�] 8 FNM�o�~H|�0�] 8 K�M�n�Z\j 2 ¢L> 8�� j�; . Wenow usethe

following “coin tossing”argument.

Let ussaythatthe µ th coin is headsif n {�|�0�µ 8 FN¶�o�~H|�0�µ 8 K�¶�n�Z�j 2 ¢L> andtails otherwise

for µ¬���·>e¤ C&E G >x¤ C ��GLJ3J3JLG >&� . Therefore,theprobabilitythatthe µ th coin is headsis less

than j�; . We canupperboundthe probability of having morethansomenumber ¸ heads

usingMarkov’s Inequality: lw0�¹tZD¸ 8��»º 0,¹ 8¸
where ¹ is a randomvariablerepresentingthe numberof headsin the >¼ou>x¤ tosses.

Clearly, º 0,¹ 8s� 0�>Xok>x¤ 8 j�; . We now choosesome ½¾ZX[ suchthat, by Markov’s

Inequality, lw0�¹¿Zk0,>9o�>e¤ 8 0 EÀC ½ 8 j�; 8�� 0,>¾o�>x¤ 8 j�;0,>¾oy>x¤ 8 0 EÁC ½ 8 j�; d EEÀC ½ J (4.3)

Now wetranslatefromtherealmof coinsbackto therealmof ouroriginalrandomvariables—

specificallyto our sum � |M3��| § ¨ 2 n FNMÂoÃFDn . Recallthat «D¢L> ZÄn�{�|�0�µ 8 FN¶ÅoD~H|�0�µ 8 K�¶�nÅZj 2 ¢L> if the µ th coin is heads,and n {�|�0�µ 8 FN¶Æoi~H|�0�µ 8 K)¶�n��Çj 2 ¢L> otherwise. So for each

head,we addat most «D¢�> to our sum,andfor eachtail we addat most j 2 ¢L> to our sum.

Soif we have lessthan 0,>ÄoÃ>x¤ 8 0 E�C ½ 8 j�; heads,thenour sumis at most 0�>@oÃ>e¤ 8 0 E�C½ 8 j�; «P¢L> C 0,>³oD>x¤Ào�0�>ÇoP>e¤ 8 0 E�C ½ 8 j�; 8 j 2 ¢L>WdÄ0�>³oD>e¤ 8 0 EÈC ½ 8 j�;H«P¢L> C 0,>Ço>x¤ 8 0 E o�0 E£C ½ 8 j�; 8 j 2 ¢L> . Therefore,we canstatethe contrapositive, which is that if the

sumis at least 0�>³oD>e¤ 8 0 EÈC ½ 8 j�;H«P¢L> C 0,>ÇoP>x¤ 8 0 E o�0 EÈC ½ 8 j�; 8 j 2 ¢L> , thenwe have

at least 0�>9o�>x¤ 8 0 EÀC ½ 8 j�; heads.Thismeansthattheprobabilityof achieving at leastthe

givensumis lessthantheprobabilityof achieving at leastthegivennumberof heads.That

is,lm0,¹hZ�0�>Äos>x¤ 8 0 EÁC ½ 8 j�; 8 �l � |�M3��| § ¨ 2 n {�|}0�] 8 FNMro�~H|}0�] 8 K)M)n�Z�0�>¾o�>x¤ 8rÉ 0 EÀC ½ 8 j�; « > C 0 E oÊ0 EÀC ½ 8 j�; 8 j 2>�Ë � d
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l�� |�M3��| § ¨ 2 n {�|}0�] 8 FNMro�~H|}0�] 8 K)M)n�Z�0�²�o E 8 >x¤ É 0 EÀC ½ 8 j�; « > C 0 E o�0 EÀC ½ 8 j�; 8 j 2> Ë �q�l�� |�M3��|<§%¨ 2 n {�|}0�] 8 FNMro�~H|}0�] 8 K)M)n�ZD² >x¤ É 0 EÀC ½ 8 j�; « > C j 2> oÊ0 EÁC ½ 8 j 2> j�; Ë �¦�l�� |�M3��|<§%¨ 2 n {�|}0�] 8 FNMro�~H|}0�] 8 K)M)n�ZD² >x¤ É 0 EÀC ½ 8 j�; « > C 0 EÀC ½ 8 j 2 « > Ë �»dl�� |�M3��| § ¨ 2 n {�|}0�] 8 FNMro�~H|}0�] 8 K)M)n�ZD² >x¤�0 EÀC ½ 8 « > 0,j 2 C j�; 8 � J
Puttingthelastinequalitytogetherwith Equation4.3yields

l � |�M3��| § ¨ 2 n {�|}0�] 8 FNMro�~H|}0�] 8 K)M)n�ZD² >x¤�0 EÀC ½ 8 « > 0,j 2 C j�; 8 � � EEÀC ½ J
Comparingthis to Equation4.2, which is what we want, we needto have 22 ¨�Ì � �; and² >x¤�0 EÀC ½ 8 ´ | 0�j 2 C j�; 8�� 6; . Thefirst constraintrequiresusto choose½ suchthat½UZ �� o E J
Thesecondrequirementgivesusa constrainton j 2 and j�; asfollows:² >x¤�0 EÀC ½ 8 «Í0,j 2 C j�; 8�� >Îj� d`± 0�j 2 C j�; 8�� j� 0 EÀC ½ 8 « J
For example,choosingboth j 2 and j�; lessthan 6Ï°Ð 2 ¨�Ì�ÑÒ´ satisfiestheconstraint.

Wearegiven � and j . Giventhese,wehavedescribedhow to choose½ which, together

with our known bound « allows usto choose² , j 2 , and j�; . Theseallow usto choose>e¤
andhencetheminimum > neededto satisfyall theconstraints,which is sufficient to com-

pletetheproof.

Lemma 6 If F 2HG FI; G3JLJ3J and K 2HG K); G3J3J3J are sequencesof randomvariablesand F and K
are randomvariablessuch that FNM O?XF and K)M O? K andif thereexistsa �mZ\[ such thatn F@oyK¥n���� , then bc0�FNM#ZDK)M 8 O? bc0gFÓZPK 8 .
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Proof: We will prove this usingthedefinitionof convergencein probability. That is,

we will prove that for all j�Z©[ and ��Z¦[ , thereexists an >e¤ suchthat for all ]iZ©>e¤ ,lm0Hn bc0gFIMÔZ\K�M 8 osbc0gFÓZPK 8 n�ZPj 8�� � .
Clearlytherearetwo relevantcases:thecasewhereF¼ZDK andthecasewhereF � K .

Let usfirst assumethat FÕZ\K sothat b`0gFÓZPK 8 d E . Thismeansthereexistssome�wZP[
suchthat F¼oÊK �@� . Sincewe have FNM O? F and K�M O? K , we have that, for somej�ÖwZ�[ , �HÖwZk[ , j�×IZ�[ , and �H×mZu[ , thereexist >eÖ and >p× suchthat for all ]cÖwZ�>eÖ and]c×�Z\>e× , lm0Hn FNM3Ø�osFDn�ZPj�Ö 8�� �HÖlw0�n�K�M3ÙÁo�K¥n�ZDj�× 8�� �H× J
If wechoose�HÖrdÊ��¢ � , � ×�dÊ��¢ � , j�ÖrdÊ��¢YÚ , and j	×£di��¢YÚ , thenlm0�FNM�o�K�M#ZD�eo�j�Ö£o�j�×£di��¢ � 8 �ª0 E oy� Ö 8 0 E o��H× 8 d E oy� C � ; ¢YÚ
for ]�Z B { f 0�]cÖ G ]c× 8 . Thismeansthat lm0�bc0�FNM#Z\K�M 8 d E n b`0gFÕZ\K 8 d E 8 � E oÔ� C � ; ¢·Ú .
For the casewhere F � K , repeatthe above derivation with F and K reversed.In this

case,we get lm0�bc0�FNM�Z�K�M 8 dk[cn b`0gF ZiK 8 dª[ 8 � E oQ� C � ; ¢YÚ . Puttingit all together,

wegetlw0�bc0�FNMÂZ\K�M 8 d E n bc0gFtZ\K 8 d E 8 lm0�bc0�FÕZDK 8 d E 8 Clw0�b`0gFNMÂZ\K�M 8 d�[cn bc0�FtZDK 8 d�[ 8 lw0�bc0�FÕZDK 8 d�[ 8 � E o�� C � ;Ú d`±lw0�n bc0�FNMÂZDK)M 8 oybc0�FÕZ\K 8 n�Z\[ 8 ����o � ;Ú
which is strongerthanwhatis neededto prove thedesiredstatement.

Define Û � Ü to bea vectorof > weights ÝwÞß 0�] 8 —onefor eachtrainingexample—used

in thebatchboostingalgorithm.Thisis thesamesetof weightsÝ ß 0�] 8 shown in Figure4.1,

but we addthe superscript“ à ” to indicatethat theseareweightsusedin batchboosting

ratherthanonline boosting. The variable B indexesover the basemodels1 through « .

Define Û�áÜ to bethenormalizedversionof thecorrespondingvectorof weightsusedin the
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onlineboostingalgorithm.Recallthat,whereasAdaBoostusesavectorof weightsnormal-

izedto make it a trueprobabilitydistributionover thetrainingexamples,our onlineboost-

ing algorithmusesPoissonparametersasweights.Forouranalysis,it will behelpfulto also

usethenormalizedversionof theparametersusedin onlineboosting.Define l¡â¡ãä�0,å 8 | andl â¡æä 0çå 8 | to betheprobabilitiesof event å in > trainingexamplesunderthedistributions

describedby Û�áÜ and Û � Ü , respectively. That is, lÆâ ã ä 0çå 8 |»d � |M�� 2 Ý ¤ß 0�] 8 bc0gFIM��uå 8
and l â¡æä 0çå 8 |èd � |M�� 2 ÝmÞß 0�] 8 bc0�FNMy�kå 8 . Recall that FNM is the ] th training example.

Define éëê to bethesetof all > trainingexamples.

Lemma 7 For any event å definedas a set of attribute and classvalues,if Ý ¤ß 0�] 8 O?ÝwÞß 0�] 8 for all ] (as >@? A ), then lÆâ ã ä£0çå 8 | O? l âÆæä 0,å 8 | .

Proof: SinceÝ ¤ß 0�] 8 O? ÝmÞß 0�] 8 (as >@? A ) and,clearly l¡â¡ãä�0�éëê 8 |�dil â¡æä 0�éëê 8 |�dE , by Corollary 1 we get � |M�� 2 n Ý ¤ß 0�] 8 o�ÝmÞß 0�] 8 n bc0gFIMÃ��å 8 O? [ , which implies that� |M�� 2 Ý ¤ß 0�] 8 bc0�FNMN��å 8 O? � |M�� 2 ÝwÞß 0�µ 8 bc0�FNMN��å 8 . Therefore,lÆâ�ãä£0çå 8 |@O? l âÆæä 0,å 8 | ,

which is whatwewantedto show.

4.5.2 Main Result

In this section,we prove that, given the sametraining set, the classificationfunction

returnedby online boostingwith Naive Bayesbasemodelsconvergesto that returnedby

batchboostingwith NaiveBayesbasemodels.However, we first definesomeof theterms

weusein theproof. Define :�Þß 0 f 8 asthe B th basemodelreturnedby AdaBoostanddefine: ¤ß 0 f 8 to bethe B th basemodelreturnedby theonlineboostingalgorithm.Define j�ÞßÁì M to

be j ß in AdaBoost(Figure4.1)aftertrainingwith ] trainingexamples—recallthatthis is

theweightederrorof the B th basemodelon thetrainingset.Define j ¤ß¬ì M to be j ß (alsothe

weightederrorof the B th basemodel)in theonlineboostingalgorithm(Figure4.3) after

trainingwith ] trainingexamples.Theclassificationfunctionreturnedby AdaBoostcanbe

written as :<ÞH0 f 8 dií�î�ïñðwíóò�ô5õ a � ß¬ö ÷Hø7 Ð Ö Ñ�� ô -�.ó/ 254�6 ø7�ù ú6 ø7cù ú . Theclassificationfunctionreturned

by onlineboostingcanbewrittenas : ¤ 0 f 8 dií�î�ï�ðwí·ò ôûõ a � ß¬ö ÷ § 7 Ð Ö Ñ�� ô -�.ó/ 254�6 §7�ù ú6 § 7�ù ú .
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It helpsusto write downtheclassificationfunctionsreturnedbyaNaiveBayesclassifier

learningalgorithmwhencalledfromthebatchboostingandonlineboostingalgorithms.We

definedagenericNaiveBayesclassifierin Section2.1.2.However, this definitionassumes

that the training setis unweighted.For now, we only considerthe two-classproblemfor

simplicity; however, we generalizeto the multi-classcasetoward the endof this section.

The B th Naive Bayesclassifierin an ensembleconstructedby batchboostingusing ]
trainingexamplesis: ÞßÁì M 0 f 8 d�bc0�l â¡æä 0,Kªd E 8 Mñl âÆæä 0gFhd f n�Kªd E 8 M#Z\l âÆæä 0�K�d�[ 8 MYl â¡æä 0�FÇd f n K�dÊ[ 8 M 8 J(4.4)

For example, l âÆæä 0�K d E 8 M is the sum of the weights( ÝmÞß 0�µ 8 ) of thoseamongthe ]
trainingexamples��0 f 2�G°ü�2 8 G 0 f ; G°ü ; 8 G3J3J3J�G 0 f M G°ü M 8 � whoseclassvaluesare1. Thatis,l â¡æä 0�Kªd E 8 Med M� ¶�� 2 Ý Þß 0�µ 8 b`0 ü ¶cd E 8 J
We use l â¡æä 0�F d f n K d E 8 M as shorthandfor l âÆæä 0gF 2 d f Ð 2 ÑHn�K d E 8 M�l â¡æä 0�FI;�df Ð ;%Ñ n�K¦d E 8 M�ý�ý�ý°l âÆæä 0gF¥þ ÿ`þ�d f þ ÿcþ�n K�d E 8 M , where f Ð�� Ñ is example f ’s valuefor attribute

number{ and
�

is thesetof attributes.For example,l â¡æä 0�F 2 d f Ð 2 Ñ n Kèd E 8 M is thesum

of theweightsof thoseexamplesamongthe ] trainingexampleswhoseclassvaluesare1

andwhosevaluesfor thefirst attributearethe sameasthatof example f , dividedby the

sumof theweightsof theclass1 examples.Thatis,l â¡æä 0�F 2 d f Ð 2 Ñ n�Kªd E 8 Med � M¶ � 2 ÝmÞß 0�µ 8 bc0 f ¶ 2 d f Ð 2 Ñ�� ü ¶1d E 8� M¶ � 2 Ý Þß 0�µ 8 bc0 ü ¶cd E 8
where f ¶�� is the � th attribute valueof example µ . The B th Naive Bayesclassifierin an

ensemblereturnedby online boostingusing ] training examplesis written in a manner

similar to thecorrespondingoneof batchboosting.Theonly differenceis thatwe replace

theweightsÛ � Ü with Û�áÜ .: ¤ßÁì M 0 f 8 d�bc0�lÆâ ã ä�0,Kªd E 8 Mñl¡â ã ä�0gFhd f n�Kªd E 8 M#Z\l¡â ãä�0�K�d�[ 8 MYlÆâ ã ä£0�FÇd f n K�dÊ[ 8 M 8 J(4.5)

Weprovetwo lemmasessentialto ourfinal theorem.Thefirst lemmastatesthatif thevector

of weightsfor the B th basemodelunderonlineboostingconvergesto thecorresponding

vectorunderbatchboosting,thentheonlinebasemodelitself convergesto thebatchbase

model.
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Lemma 8 If Û�áÜ O? Û � Ü , then : ¤ß¬ì | 0 f 8 O? :<Þß¬ì | 0 f 8 .
Proof: By Lemma7, eachprobability of the form lÆâ ã ä 0çå 8 M in the online classi-

fier convergesto the correspondingprobability l â¡æä 0,å 8 M in the batchclassifier. For ex-

ample, lÆâ ã ä 0,K d E 8 M O? l â¡æä 0,K d E 8 M . By Corollary 2 and Lemma 6, we have: ¤ßÁì | 0 f 8 O? : Þß¬ì | 0 f 8 .
The next lemmastatesthat if the B th online basemodelconvergesto the B th batch

basemodel, then the B th online basemodel’s training error j ¤ß¬ì | convergesto the B th

batchbasemodel’s trainingerror j�Þß¬ì | .

Lemma 9 If Û�áÜ O? Û � Ü and : ¤ßÁì | 0 f 8 O? :�Þß¬ì | 0 f 8 then j ¤ß¬ì | O? j�Þß¬ì | .

Proof: To do this,wemustfirst write down suitableexpressionsfor j ¤ß¬ì | and j�ÞßÁì | .

In batchboosting,the B th basemodel’s error on example µ is the error of the Naive

Bayesclassifierconstructedusingtheentiretrainingset: ÝmÞß 0�µ 8 n ü ¶ oU:<Þß¬ì | 0 f ¶ 8 n . Soclearly,

thetotal erroron > trainingexamplesisj Þß¬ì | d |� M�� 2 Ý Þß 0�] 8 n ü M}oÃ: ÞßÁì | 0 f M 8 n J
In online boosting,the B th basemodel’s error on example µ is the error of Naive Bayes

classifierconstructedusingonly thefirst µ trainingexamples:Ý ¤ß 0�] 8 n ü ¶ñoU: ¤ßÁì ¶ 0 f ¶ 8 n . Sothe

total erroron > trainingexamplesisj ¤ß¬ì | d |� M�� 2 Ý ¤ß 0�] 8 n ü M}oÃ: ¤ßÁì M 0 f M 8 n J
We are now readyto prove that j ¤ßÁì | O? j�Þß¬ì | . Sincewe have Ý ¤ß 0�] 8 O? ÝwÞß 0�] 8 and� |M�� 2 Ý ¤ß 0�] 8 d � |M�� 2 ÝwÞß 0�] 8 d E , by Lemma5, we only needto have : ¤ßÁì M 0 f M 8 O?:<ÞßÁì | 0 f M 8 in order to have j ¤ß¬ì | O? j�ÞßÁì | . We have alreadyestablished: ¤ß¬ì | 0 f M 8 O?:<ÞßÁì | 0 f M 8 for all examplesf M . So clearly as > ? A , ]»? A , and ]��¼> , the se-

quence: ¤ß¬ì M 0 f M 8 (for ]Íd E GH��G3JLJ3J ) convergesin probability to the sequence:<ÞßÁì | 0 f M 8 ,
which is theconditionwewant.Hencej ¤ßÁì | O? j�Þß¬ì | .
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Theorem 4 Giventhesametrainingset,if : ¤ß¬ì | 0 f 8 and :<Þß¬ì | 0 f 8 for all B ��� E GH��G3J3J3J G «ª�
areNaiveBayesclassifiers,then : ¤ 0 f 8 O? :<ÞH0 f 8 .

Proof: Wefirst provetheconvergenceof thebasemodelsandtheirerrorsby induction

on B . For thebasecase,weshow that Ý ¤2 O? ÝwÞ2 . Thisletsusshow that : ¤ 2 ì | 0 f 8 O? :<Þ 2 ì | 0 f 8
and j ¤ 2 | O? j�Þ 2 | as > ? A . For the inductive part, we show that if Ý ¤ß O? ÝwÞß , then: ¤ßÁì | 0 f 8 O? :<Þß¬ì | 0 f 8 and j ¤ß¬ì | O? j�Þß¬ì | . Fromthesefacts,we get Ý ¤ß ¨ 2 O? ÝwÞß ¨ 2 , which

lets us show that : ¤ß ¨ 2 ì | 0 f 8 O? :<Þß ¨ 2 ì | 0 f 8 and j ¤ Ð ß ¨ 2 ÑÒ| O? j�Þ Ð ß ¨ 2 ÑÒ| as > ? A . All of

thesefactsaresufficient to show thattheclassificationfunctions: Þ 0 f 8 and : ¤ 0 f 8 converge.

We alreadyhave Ý ¤ 2 O? Ý Þ2 by Lemma2 (recall that thefirst trainingsetdistributions

in the boostingalgorithmsare the sameas the training set distributions in the bagging

algorithms). By Lemma8, we have : ¤ 2 ì | 0 f 8 O? : Þ 2 ì | 0 f 8 . That is, the first online Naive

Bayesclassifierconvergesto thefirst batchNaive Bayesclassifier. By Lemma9, j ¤ 2 | O?j Þ 2 | . Wehave thusproventhebasecase.

Now weprovetheinductiveportion.Thatis, weassumethat Ý ¤ß O? Ý Þß , whichmeans

that : ¤ßÁì | 0 f 8 O? : ÞßÁì | 0 f 8 (by Lemma8) and j ¤ßÁì | O? j ÞßÁì | (by Lemma9). Given Ý ¤ß andj ¤ß¬ì | , we cancalculateÝ ¤ß ¨ 2 . Given Ý Þß and j Þß¬ì | , wecancalculateÝ Þß ¨ 2 .
By theway thealgorithmsaresetup,wehaveÝ ¤ß ¨ 2 0�] 8 diÝ ¤ß 0�] 8 � ® E� j ¤ßÁì M ¯ þ × _ 4 ÷ § 7�ù _ Ð Ö _ Ñ�þ ® E� 0 E oyj ¤ß¬ì M 8 ¯ 254 þ × _ 4

÷ § 7cù _ Ð Ö _ Ñ�þ 	 G
Ý Þß ¨ 2 0�] 8 diÝ Þß 0�] 8�
� � E� j ÞßÁì | � þ × _ 4

÷ ø7�ù ú Ð Ö _ Ñ�þ � E� 0 E o�j ÞßÁì | 8 � 254
þ × _ 4 ÷ ø7cù ú Ð Ö _ Ñ�þ 
� J

Becausej ¤ßÁì | O? j�Þß¬ì | , : ¤ßÁì M 0 f M 8 O? :�Þß¬ì | 0 f M 8 , andour inductive assumptionÝ ¤ß 0�] 8 O?ÝwÞß 0�] 8 , andboth Ý ¤ß ¨ 2 0�] 8 and ÝwÞß ¨ 2 0�] 8 arecontinuousfunctionsin thesequantitiesthat

converge,we have that Ý ¤ß ¨ 2 0�] 8 O? ÝmÞß ¨ 2 0�] 8 aslongas j ¤ß¬ì | and j�ÞßÁì | areboundedaway

from 0 and1. This is a reasonableassumptionbecause,if theerror is ever 0 or 1, thenthe

algorithmstopsandreturnstheensembleconstructedsofar, sothealgorithmwould never

evencalculatethetrainingsetdistribution for thenext basemodel.Ý ¤ß ¨ 2 0�] 8 O? Ý Þß ¨ 2 0�] 8 impliesthat : ¤ß ¨ 2 0 f 8 O? : Þß ¨ 2 0 f 8 (by Lemma8), which in turn

impliesthat j ¤ Ð ß ¨ 2 Ñ�| O? j�Þ Ð ß ¨ 2 Ñ�| (by Lemma9). Soby induction,wehave that : ¤ßÁì | 0 f 8 O?
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:<ÞßÁì | 0 f 8 and j ¤ßÁì | O? j�ÞßÁì | for all B �\� E GH��G3JLJ3JHG � . By Lemma4, we have bc0ç: ¤ß¬ì | 0 f 8 d² 8 O? bc0ç:<Þß¬ì | 0 f 8 d ² 8 for all ²k�ÓK . This meansthat � ß õ�� 2 ì ; ì������ ì ´�� bc0,: ¤ß¬ì | 0 f 8 d² 8 -�.ó/ 254�6 §7�ù ú6 § 7cù ú O? � ß õ�� 2 ì ; ì������ ì ´�� bc0ç:<Þß¬ì | 0 f 8 d�² 8 -�.�/ 254�6 ø7cù ú6 ø7cù ú . Therefore,theorderof theterms� ß õ�� 2 ì ; ì������ ì ´�� bc0ç: ¤ß¬ì | 0 f 8 d�² 8 -�.ó/ 254�6 §7cù ú6 § 7cù ú and � ß õ�� 2 ì ; ì�������ì ´�� bc0,:�Þß¬ì | 0 f 8 d¦² 8 -�.ó/ 254�6 ø7�ù ú6 ø7�ù ú for

eachclass² is preserved. thefinal functions : ¤ 0 f 8 and :<ÞH0 f 8 converge.

We have shown thatonlineboostingwith Naive Bayesbasemodelsproducesa classi-

ficationfunctionthatconvergesto thatproducedby batchboostingwith NaiveBayesbase

models.In particular, we rely on showing thatconvergenceof theweightsof the training

examplesimpliesconvergenceof thebasemodels.This requiresthattheonlinebasemodel

learningalgorithmbelossless,which is truefor Naive Bayesclassifiers.In our proofswe

usedthenormalizedversionof theweightsusedin onlineboosting.Wegotawaywith this

because,aswe saw in Chapter3, the Naive Bayesclassifierhasproportionalonline and

batchlearningalgorithms,i.e., scalingthe weight vectordoesnot changea Naive Bayes

classifier. WealsousedthefactthattheNaiveBayesclassifierhasa functionalform thatis

relatively easyto write down anddoesnotchangesignificantlywith additionaltrainingex-

amples.In contrast,adecisiontreeclassifierwouldbeverydifficult to write down because,

at eachnodeof thedecisiontree,therearemany attributesto choosefrom anda relatively

complicatedmethodof choosingthem. Additionally, the structureof a decisiontreecan

changesubstantiallywith theadditionof new examples.

4.6 Experimental Results

In this section,we discussthe resultsof experimentsto comparetheperformancesof

boosting,onlineboosting,andthebasemodellearningalgorithmson thesamedatasetsas

in thepreviouschapter. Weallow batchandonlineboostingto generateamaximumof 100

basemodels.
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Table 4.1: Results(fraction correct): batchand online boosting(with DecisionTrees).
Boldfaced/italicizedresultsaresignificantlybetter/worsethansingledecisiontrees.

Dataset Decision Bagging Online Boosting� Online PrimedOnline
Tree Bagging Boosting Boosting

Promoters 0.7837 0.8504 0.8613 0.9097 0.7671� 0.7920�
Balance 0.7664 0.8161 0.8160 � J�������� � J����! "� 0.7651

BreastCancer 0.9531 0.9653 0.9646 0.9729 0.9679 0.9679
GermanCredit 0.6929 0.7445 0.7421 0.7396 � J# "�$��� � 0.6933�
CarEvaluation 0.9537 0.9673 0.9679 0.9664 0.9639 0.9651

Chess 0.9912 0.9938 0.9936 0.9950 � J&%('" ��� � J)%('" *' �
Mushroom 1.0 1.0 1.0 1.0 0.9999 1

Nursery 0.9896 0.9972 0.9973 � J&%+����� � J&%('(,.- � � J&%('�-+�
4.6.1 Accuracy Results

The resultsof our experimentsare shown in Tables4.1, 4.2, 4.3, 4.4, 4.5, and 4.6.

Many columnheadingsin thesetableshave the namesof algorithmswith symbolssuch

as“ � ” and“ / ” next to them. Resultsfor a datasetthat have suchsymbolsnext to them

aresignificantlydifferentfrom the resulton the samedatasetof the algorithmassociated

with thatsymbol.For example,in Table4.1,any resultwith a “ � ” next to it is significantly

differentfrom boosting’s resulton the samedataset.With decisiontrees(Table4.1), on-

line boostingperformedsignificantlyworsethanbatchboostingonthePromoters,German

Credit, and Chessdatasets.For the remainingdatasets,batchand online boostingper-

formedcomparably. In caseof theBalanceandNurserydatasets,bothboostingalgorithms

performedsignificantlyworsethana singledecisiontree;on Mushroom,they performed

comparably;while on BreastCancerandCarEvaluationthey performedsignificantlybet-

ter. Figure4.6givesa scatterplotcomparingtheerrorsof batchandonlineboostingon the

differentdatasets.

Theresultsof runningwith Naive Bayesclassifiersareshown in Table4.2. A scatter-

plot comparingthe testerrorsof batchandonlineboostingis shown in Figure4.7. Batch

boostingsignificantlyoutperformsonlineboostingin many cases—especiallythesmaller

datasets.However, the performancesof boostingandonline boostingrelative to a single
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Table4.2: Results(fractioncorrect):batchandonlineboosting(with NaiveBayes).Bold-
faced/italicizedresultsaresignificantlybetter/worsethansingleNaiveBayesclassifiers.

Dataset Naive Bagging Online Boosting� Online PrimedOnline
Bayes Bagging Boosting/ Boosting

Promoters 0.8774 � J0'$����� � J&'1� � - � J&'1�2�$� � J���-(�" � � J&'(,.-(' /
Balance 0.9075 0.9067 0.9072 � J&'3����� � J0'$�1�2- � � J&'1�2�$- �

BreastCancer 0.9647 0.9665 0.9661 � J)%��$�2� � J&%$�+��� � � J)%$���! �
GermanCredit 0.7483 0.748 0.7483 � J������ � J# *'3��% � � J4 5%$-$- �
CarEvaluation 0.8569 � J0'��(�(, � J&'����6� 0.9017 0.8967� 0.8931�

Chess 0.8757 0.8759 � J&'3���2% 0.9517 0.9476� 0.9490
Mushroom 0.9966 0.9966 0.9966 0.9999 0.9987� 0.9993�1/

Nursery 0.9031 0.9029 � J)% � ,�� 0.9163 0.9118� 0.9144/
Connect4 0.7214 0.7212 0.7216 � J���-$%+� � J��1, � % 0.7209

Synthetic-1 0.4998 0.4996 0.4997 0.5068 0.5007� 0.4996�
Synthetic-2 0.7800 0.7801 0.7800 0.8446 0.8376� 0.8366�
Synthetic-3 0.9251 0.9251 0.9251 0.9680 0.9688 0.9720

Census-Income 0.7630 0.7637 0.7636 0.9365 0.9398 0.9409
ForestCovertype 0.6761 0.6762 0.6762 0.6753 0.6753 0.6753

NaiveBayesclassifieragreeto a remarkableextent,i.e.,whenoneof themis significantly

betteror worsethanasingleNaiveBayesclassifier, theotheronetendsto bethesameway.

The resultsof our experimentswith decisionstumpsareshown in Table4.3. Batch

boostingsignificantly outperformsonline boostingon someof the smallerdatasetsbut

otherwisetheir performancesarecomparable,asseenin Figure4.8. Both batchboosting

andonlineboostingdo not improveupondecisionstumpsasmuchasthey do uponNaive

Bayes—especiallyon thelargerdatasets.

Table4.4 containsthe resultsof running the batchalgorithmswith neuralnetworks.

Recall that, in thesealgorithms,eachneuralnetwork is trainedby running throughthe

training set ten times(epochs).Table4.5 andTable4.6 show the resultsof runningour

onlinealgorithmswith oneandtenupdatesper trainingexample,respectively, but theal-

gorithmspassthroughthetrainingsetonly once.We canseefrom thetablesandfrom the

scatterplotsof batchandonlineboosting(Figure4.9andFigure4.10)thatonlineboosting

performsworsethanbatchboosting.Onlineboostingwith tenupdatespertrainingexample



89

0

10

20

30

40

50

0 10 20 30 40 50

O
nl

in
e 

B
oo

st
in

g7
Batch Boosting

Figure4.6: TestErrorRates:BatchBoosting
vs. Online Boostingwith decisiontreebase
models.

0

10

20

30

40

50

0 10 20 30 40 50

O
nl

in
e 

B
oo

st
in

g7
Batch Boosting

Figure4.7: TestErrorRates:BatchBoosting
vs. Online Boostingwith Naive Bayesbase
models.

performsa little bit betterthantheoneupdateversion.However, in termsof performance

relative to its correspondingsinglemodel,onlineboostingwith oneupdateperformsbet-

ter. As we discussedin Section4.4, thereis lossassociatedbothwith passingthroughthe

trainingsetonly onceandperformingonlineupdateswith eachtrainingexamplebasedon

the performancesof the basemodelstrainedon only the examplesseenearlier. We can

examinethelossassociatedwith eachof thesefactorsthroughour experimentswith batch

boostingwith neuralnetwork basemodelstrainedusingour onlinemethod—thatis, using

only onepassthroughthedataset,but with oneor tenupdatesper trainingexample. The

resultsaregivenin thelastcolumnsof Table4.5andTable4.6. As expected,mostof these

performancesarebetweenthoseof batchboosting,which trainseachneuralnetwork base

modelswith tenpassesthroughthedatasetinsteadof just one,andonlineboosting,which

doesnot generateeachbasemodelwith theentiretrainingsetbeforegeneratingthe next

model.Overall, thelossdueto onlinelearningis higherthanthelossassociatedwith train-

ing eachneuralnetwork usingfewerpassesthroughthetrainingset.In thenext sectionwe

exploreawayof alleviatingsomeof thelosssufferedby onlineboosting.

4.6.2 Priming

In this section,we discussour experimentswith priming the online boostedensem-

ble by training with someinitial part of the training set in batchmodeandthentraining



90

Table4.3: Results(fraction correct): batchandonline boosting(with decisionstumps).
Boldfaced/italicizedresultsaresignificantlybetter/worsethansingledecisionstumps.

Dataset Decision Bagging Online Boosting� Online PrimedOnline
Stump Bagging Boosting/ Boosting

Promoters 0.7710 0.8041 0.8113 0.8085 � J����$' �2� � J���-$-(' �
Balance 0.5989 0.7170 0.7226 0.7354 0.7114 0.6595�1/

BreastCancer 0.8566 0.8557 0.8564 0.8573 � J���'" 5- � � J0'$�1� �1/
GermanCredit 0.6862 0.6861 0.6862 0.7291 � J# $ 5-(� � 0.6961�1/
CarEvaluation 0.6986 0.6986 0.6986 0.6986 0.6986 0.6986

Chess 0.6795 0.6798 0.6792 0.8017 0.7597� 0.7422�
Mushroom 0.5617 0.5617 0.5617 0.5604 � J&���3,�� � � J&�$� � � �1/

Nursery 0.4184 0.4185 0.4177 � J&�$�(,.% � J0�$�(,.% � J0�$�(,.%
Connect4 0.6581 0.6581 0.6581 0.6581 0.6581 0.6581

Synthetic-1 0.5002 0.4996 0.4994 0.4993 0.4987 0.5016
Synthetic-2 0.8492 0.8492 0.8492 0.8492 0.8492 0.8492
Synthetic-3 0.9824 0.9824 0.9824 0.9824 0.9824 0.9824

Census-Income 0.9380 0.9380 0.9380 0.9380 0.9380 0.9380
ForestCovertype 0.6698 0.6698 0.6698 0.6698 0.6698 0.6698

with theremainderof thetrainingsetin onlinemode.Theresultsof runningprimedonline

boostingwith decisiontrees,NaiveBayes,decisionstumps,andneuralnetworksareshown

in Tables4.1, 4.2, 4.3, 4.5, and4.6. In our experiments,we trainedin batchmodeusing

the lesserof thefirst 20%of the trainingsetor thefirst 10000examples.Comparingthe

error scatterplotsin Figure4.6 andFigure4.11, we canseethat priming slightly helped

onlineboostingwith decisiontreesperformmorelikebatchboosting.Figure4.12showsa

scatterplotthatgivesa direct comparisonbetweentheunprimedandprimedversionsand

confirmstheprimedversion’sslightly betterperformance.Figures4.7,4.13,and4.14show

thatpriminghelpedonlineboostingwith NaiveBayesto someextentaswell. Onlineboost-

ing with decisionstumpswasnot helpedby priming asmuch:Figure4.8andFigure4.15

look quitesimilar, andFigure4.16confirmsthatpriming did not helpdecisionstumpsso

much.Primingimprovedonlineboostingwith neuralnetworkstremendously. Figures4.9,

4.17,and4.18show thatprimedonlineboostingimprovedsubstantiallyover theoriginal

onlineboostingwith neuralnetworks trainedusingoneupdateper trainingexample.Fig-
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Figure4.8: TestErrorRates:BatchBoosting
vs. OnlineBoostingwith decisionstumpbase
models.
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Figure4.9: TestErrorRates:BatchBoosting
vs. OnlineBoosting(oneupdateperexample)
with neuralnetwork basemodels.
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Figure4.10: TestError Rates:BatchBoost-
ing vs. Online Boosting(10 updatesper ex-
ample)with neuralnetwork basemodels.

ures4.9,4.19,and4.20demonstratethesamefor theprimedandoriginal onlineboosting

algorithmswith ten-updateneuralnetworks. Thus,by priming,we areableto overcomea

largeportionof thelossdueto onlinelearning.

4.6.3 BaseModel Err ors

Theerrorsof thebasemodels,whicharetheerrorsj 2 G j�; G3J3J3J in theboostingalgorithms

(Figure4.1andFigure4.3),determinemuchof thealgorithms’behavior. Theseerrorsnot

only reflectthe accuraciesof the basemodels,but they affect the weightsof the training
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Table 4.4: Results(fraction correct): batch algorithms(with neural networks). Bold-
faced/italicizedresultsaresignificantlybetter/worsethansingleneuralnetworks.

Dataset Neural Bagging Boosting�
Network8

Promoters 0.8982 0.9036 � J&'" *�" 
Balance 0.9194 0.9210 0.9534

BreastCancer 0.9527 0.9561 0.9540
GermanCredit 0.7469 0.7495 � J����" 5�
CarEvaluation 0.9422 0.9648 0.9963

Chess 0.9681 0.9827 0.9941
Mushroom 1.0 1.0 0.9998

Nursery 0.9829 � J)%+����� 0.9999
Connect4 0.8199 0.8399 0.8252

Synthetic-1 0.7217 0.7326 0.7222
Synthetic-2 0.8564 0.8584 0.8557
Synthetic-3 0.9824 0.9824 0.9824

Census-Income 0.9519 0.9533 0.9486
ForestCovertype 0.7573 0.7787 0.7684

examplesandtheweightsof thebasemodelsthemselvesin thefinal ensemble.Therefore,

theclosertheseerrorsarein batchandonlineboosting,themoresimilar thebehaviors of

thesealgorithms.In thissection,wecomparetheerrorsof thebasemodelsgeneratedby the

boostingalgorithmsfor someof our experiments.Specifically, for our five largestdatasets

(thethreesyntheticdatasets,CensusIncome,andForestcovertype),wecomparetheerrors

of batch,online, andprimedonline boostingwith Naive Bayesandneuralnetwork base

models(with oneupdatepertrainingexamplefor theonlinealgorithms).

Figures4.21, 4.22, 4.23, 4.24,and4.25show theaverageerrorson thetrainingsets

of the consecutive basemodelsin batch,online, andprimedonline boostingwith Naive

Bayesbasemodelsfor thethreesyntheticdatasets,CensusIncome,andForestCovertype,

respectively. We depict the errorsfor the maximumnumberof basemodelsgenerated

by the batchboostingalgorithm. For example,on the CensusIncomedataset,no run of

batchboostingever generatedmore than22 basemodels. This happensbecauseof the

conditiongivenin step3 of Figure4.1—if thenext basemodelthat is generatedhaserror

greaterthan0.5, thenthealgorithmstops.Notethatour onlineboostingalgorithmalways
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Table4.5: Results(fractioncorrect):onlinealgorithms(with neuralnetworkstrainedwith
oneupdatestepper training example). Boldfaced/italicizedresultsaresignificantlybet-
ter/worsethansingleonlineneuralnetworks. Resultsmarked“ 8 ” aresignificantlydiffer-
ent from singlebatchneuralnetworks (Table4.4). Resultsmarked “ � ” aresignificantly
differentfrom batchboosting(Table4.4).

Dataset Online Online Online PrimedOnline Boosting
NeuralNet Bagging Boosting/ Boosting9 OneUpdate

Promoters 0.50188 0.5509 0.540986� 0.779186�1/ 0.70188:��/;9
Balance 0.62108 0.6554 0.672886� 0.884586�1/ 0.58948:��/;9

BreastCancer 0.92238 0.9221 0.9496 0.926686�1/ 0.937386�1/
GermanCredit 0.74798 � J# 5%$%�� � J# 5-$�5, 86� 0.707486�1/ � J# 5%. 5% 86�1/
CarEvaluation 0.84528 0.8461 0.868886� 0.932786�1/ 0.91538:��/;9

Chess 0.90988 0.9277 0.889686� 0.941086�1/ 0.945186�1/
Mushroom 0.99658 0.9959 0.997686� 0.999686/ 1/

Nursery 0.92208 0.9188 0.927586� 0.9807�1/ 0.999986/;9
Connect4 0.77178 0.7691 � J���-��6� 86� 0.758786�1/ 0.769386�1/

Synthetic-1 0.67268 0.6850 � J# ;,.-$- 86� 0.670986�1/ 0.68508:��/;9
Synthetic-2 0.85238 0.8524 � J0' � ,< 86� 0.829886�1/ 0.85228:��/;9
Synthetic-3 0.9824 0.9824 � J&%$�+��� 86� 0.965286� 0.9824/;9

Census-Income 0.9520 0.9514 � J)%��2�(' 0.9466 0.9471
ForestCovertype 0.73818 0.7416 � J# 5% � � 86� 0.718786�1/ 0.73998:��/;9

generatesthe full setof 100 basemodelsbecause,during training, we do not know how

thebasemodelerrorswill fluctuate;however, to classifya new example,we only usethe

first = basemodelssuchthatmodel = CªE haserrorgreaterthan0.5. Our primedonline

boostingalgorithmmay generatefewer than100 basemodelsbecauseit essentiallyruns

batchboostingwith aninitial portionof thetrainingset.

Thebasemodelerrorsof onlineandbatchboostingarequitesimilar for thesynthetic

datasets.On Synthetic-1,thebasemodelerrorsareall closeto 0.5, i.e., they performonly

slightly betterthanchance,which explainswhy boostingdoesnot performmuchbetter

thanthebasemodels.On Synthetic-2andSynthetic-3,thefirst basemodelperformsquite

well in bothbatchandonlineboosting.Both algorithmsthenfollow thepatternof having

subsequentbasemodelsperformworse,which is typical becausesubsequentbasemodels

arepresentedwith previously misclassifiedexampleshaving higherweight,which makes
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Table4.6: Results(fractioncorrect):onlinealgorithms(with neuralnetworkstrainedwith
10 updatestepsper training example). Boldfaced/italicizedresultsaresignificantlybet-
ter/worsethansingleonlineneuralnetworks. Resultsmarked“ 8 ” aresignificantlydiffer-
ent from singlebatchneuralnetworks (Table4.4). Resultsmarked “ � ” aresignificantly
differentfrom batchboosting(Table4.4).

Dataset Online Online Online PrimedOnline Boosting
NeuralNet Bagging Boosting/ Boosting9 TenUpdates

Promoters 0.80368 0.7691 � J# 5-$�$� 86� � J��* �$�38:��/ 0.88558:��/;9
Balance 0.89658 0.9002 � J0'$�(, ��86� � J0'" ;,$, 8:��/ 0.89708:��/;9

BreastCancer 0.90208 0.8987 � J0'$'1�6� 86� � J0'$'�- ��86� 0.91978:��/;9
GermanCredit 0.70628 0.7209 � J# "��'$' 86� � J# *'(,.- 86� 0.729886/;9
CarEvaluation 0.88128 0.8877 0.880686� 0.914886�1/ 0.98958:��/;9

Chess 0.90238 0.9185 0.895486� 0.921686�1/ 0.9616��/;9
Mushroom 0.99958 0.9988 0.999386� 0.999886/ 0.9999/

Nursery 0.94118 0.9396 0.944586� 0.987886�1/ 0.999986/;9
Connect4 0.70428 0.7451 0.680786� 0.705986�1/ 0.73308:��/;9

Synthetic-1 0.65148 0.6854 � J# *�1�$� 86� � J# *�$�$� 86� 0.68658:��/;9
Synthetic-2 0.83458 0.8508 � J0'�-$-+� 86� � J0'�-5,�� 86� 0.83978:��/;9
Synthetic-3 0.98118 0.9824 � J&%$�('$� 86� � J&%. *�$' 86� 0.98228:��/;9

Census-Income 0.94878 0.9487 0.94358 0.94718 0.9465
ForestCovertype 0.69748 0.7052 � J# *�(,.% 86� � J# $ >�2� 8:��/ 0.70448:��/;9

their learningproblemsmoredifficult. Primedonlineboostingfollows boosting’s pattern

more closely than the unprimedversiondoes,especiallyon Synthetic-3. In caseof the

CensusIncomedataset,theperformancesof thebasemodelsalsofollow thegeneraltrend

of increasingerrorsfor consecutive basemodels,althoughmore loosely. On the Forest

Covertypedataset,thebasemodelerrorsarequitesimilar in all threealgorithms.

Figures4.26, 4.27, 4.28, 4.29,and4.30show theaverageerrorsin batchandonline

boostingwith neuralnetwork basemodels.OntheForestCovertypedataset,primedonline

boostingnever producedmorethanninebasemodels,but theperformancesof thosebase

modelsmirrored thoseof the unprimedversion. For the other four datasets,the primed

version’s graphlies betweenthoseof batchand online boosting. The readermay have

noticedthat the basemodelerrorsof the boostingalgorithmshave larger differencesfor

Synthetic-3andCensusIncomethanfor the otherthreedatasetseven thoughthe testset
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Figure4.11: TestError Rates:BatchBoost-
ing vs. PrimedOnlineBoostingwith decision
treebasemodels.
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Figure4.12:TestErrorRates:OnlineBoost-
ing vs. PrimedOnlineBoostingwith decision
treebasemodels.
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Figure4.13: TestError Rates:BatchBoost-
ing vs. PrimedOnline Boostingwith Naive
Bayesbasemodels.
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Figure4.14:TestErrorRates:OnlineBoost-
ing vs. PrimedOnline Boostingwith Naive
Bayesbasemodels.

performancesaremoresimilar for Synthetic-3andCensusIncome.This is largelybecause

of thesimilar andverygoodperformancesof thefirst few basemodelson Synthetic-3and

CensusIncome—becausetheirerrorsarevery low, theirweightsin theensemblesarequite

high, so theremainingbasemodelsget relatively low weight. Therefore,thefact that the

remainingbasemodels’errorsarevery differentunderthe differentboostingalgorithms

doesnotaffect theensembles’classificationsof testcases.
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Figure4.15: TestError Rates:BatchBoost-
ing vs. PrimedOnlineBoostingwith decision
stumpbasemodels.
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Figure4.16:TestErrorRates:OnlineBoost-
ing vs. PrimedOnlineBoostingwith decision
stumpbasemodels.
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Figure4.17: TestError Rates:BatchBoost-
ing vs. Primed Online Boosting with neu-
ral network base models (one update per
example).
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Figure4.18:TestErrorRates:OnlineBoost-
ing vs. Primed Online Boosting with neu-
ral network base models (one update per
example).

4.6.4 Running Times

The runningtimesof all the algorithmsthat we experimentedwith areshown in Ta-

bles4.7,4.8,4.9,4.10,4.11,and4.12. Thereareseveral factorsthatgive batchboosting,

onlineboosting,andprimedonlineboostingadvantagesin termsof runningtime.

Batchboostinghastheadvantagethat it cangeneratefewer thanthe100basemodels

that we designateasthe maximum. Recall that, if a basemodelhaserror morethan0.5

on the currentweightedtraining setafter learning,thenboostingstops. We do not have

this luxury with onlineboostingbecauseinitially, many of thebasemodelsmayhavehigh
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Figure4.19: TestError Rates:BatchBoost-
ing vs. Primed Online Boosting with neu-
ral network base models (10 updatesper
example).
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Figure4.20:TestErrorRates:OnlineBoost-
ing vs. Primed Online Boosting with neu-
ral network base models (10 updatesper
example).
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Figure 4.21: Naive BayesBaseModel Er-
rorsfor Synthetic-1Dataset
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Figure 4.22: Naive BayesBaseModel Er-
rorsfor Synthetic-2Dataset
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Figure 4.23: Naive BayesBaseModel Er-
rorsfor Synthetic-3Dataset
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Figure 4.24: Naive BayesBaseModel Er-
rorsfor CensusIncomeDataset
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Figure 4.25: Naive BayesBaseModel Er-
rorsfor ForestCovertypeDataset
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Figure 4.26: Neural Network BaseModel
Errorsfor Synthetic-1Dataset
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Figure 4.27: Neural Network BaseModel
Errorsfor Synthetic-2Dataset
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Figure 4.28: Neural Network BaseModel
Errorsfor Synthetic-3Dataset
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Figure 4.29: Neural Network BaseModel
Errorsfor CensusIncomeDataset
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Figure 4.30: Neural Network BaseModel
Errorsfor ForestCovertypeDataset
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Table4.7: RunningTimes(seconds):batchandonlineboosting(with DecisionTrees)

Dataset Decision Bagging Online Boosting Online PrimedOnline
Tree Bagging Boosting Boosting

Promoters 0.16 1.82 1.88 3.56 3.5 0.71
Balance 0.18 1.66 1.96 4.76 25.28 37.64

BreastCancer 0.18 1.88 2.28 6.12 7.24 7.55
GermanCredit 0.22 8.98 9.68 17.86 312.52 448.33
CarEvaluation 0.3 4.28 4.28 14.9 53.56 55.09

Chess 0.98 20.4 20.22 82.7 176.92 244.94
Mushroom 1.12 22.6 23.68 162.42 30.12 80.63

Nursery 1.22 29.68 32.74 343.28 364.76 371.92

errorsbut theseerrorsmaydecreasewith additionaltrainingexamples.With primedonline

boosting,we regain this luxury because,whenthealgorithmis runningin batchmode,it

maychooseto generatefewer basemodelsfor thesamereasonthatbatchboostingmight,

in whichcasethesubsequentonlinelearningis alsofasterbecausefewerbasemodelsneed

to be updated. Thereforeprimedonline boostinghasthe potentialto be fasterthan the

unprimedversion.

Onlineboostingclearlyhastheadvantagethatit only needsto sweepthroughthetrain-

ing setonce,whereasbatchboostingneedsto cycle throughit «»04@ C»E 8 times,where« is thenumberof basemodels,@ is thenumberof timesthebasemodellearningalgo-

rithm needsto passthroughthedatato learnit, andoneadditionalpassis neededfor each

basemodelto testitself on the trainingset—recallthatboostingneedsthis stepto calcu-

late eachbasemodel’s error on the training set( j 2 G j�; GLJ3J3J ) which is usedto calculatethe

new weightsof thetrainingexamplesandtheweightof eachbasemodelin theensemble.

Primedonlineboostinghasaslightdisadvantageto theunprimedversionin this regardbe-

causetheprimedversionperformsbatchtrainingwith aninitial portionof thetrainingset,

which meansthat the primedversionneedsmorepassesthroughthat initial portion than

theunprimedversion.

Therunningtimesof thebasemodellearningalgorithmsalsoclearlyaffect therunning

timesof theensemblealgorithms.Givenafixedtrainingset,onlinedecisiontreeandonline
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Table4.8: RunningTimes(seconds):batchandonlineboosting(with NaiveBayes)

Dataset Naive Bagging Online Boosting Online PrimedOnline
Bayes Bagging Boosting Boosting

Promoters 0.02 0 0.22 0.44 0.72 0.26
Balance 0 0.1 0.1 0.26 0.06 0.24

BreastCancer 0.02 0.14 0.32 1.32 0.66 0.42
GermanCredit 0 0.14 0.38 0.7 1.5 0.86
CarEvaluation 0.04 0.34 0.44 0.88 1.72 0.06

Chess 0.42 1.02 1.72 9.42 7.46 2.94
Mushroom 0.38 2.14 3.28 114.04 11.08 18.48

Nursery 0.86 1.82 3.74 31.4 20.74 6.12
Connect-4 6.92 33.98 42.04 646.84 465.28 53
Synthetic-1 7.48 45.6 64.16 1351.76 394.08 21.22
Synthetic-2 5.94 44.78 74.84 5332.52 342.86 93.1
Synthetic-3 4.58 44.98 56.2 3761.92 283.52 78.06

Census-Income 56.6 131.8 157.4 25604.6 1199.8 354
ForestCovertype 106 371.8 520.2 67610.8 15638.2 1322.2

decisionstumplearningareslower thantheirbatchcounterpartsbecause,aftereachonline

update,the online versionshave to recheckthat the attribute testsat eachnodearestill

thebestonesandalter partsof the treeif they arenot. Naive Bayesclassifierlearningis

essentiallythesamein onlineandbatchmode,soonlineandbatchlearninggivena fixed

trainingsettake thesametime. Onlineneuralnetwork learningis clearlyfasterthanbatch

learningdueto fewerpassesthroughthedataset,but aswediscussedearlier, thisspeedcan

comeat thecostof reducedaccuracy.

Wecanseefrom thetables(Tables4.10,4.11,and4.12)thatonlineboostingandprimed

onlineboostingwith neuralnetworksareclearlyfasterthanbatchboosting,whichis consis-

tentwith thelowerrunningtimeof onlineneuralnetwork learningrelativeto batchnetwork

learning.Onlineboostingwith NaiveBayesclassifiers(Table4.8)is muchfasterthanbatch

boosting—thefewer passesrequiredthroughthedatasetclearlyoutweighbatchboosting’s

advantageof generatingfewerbasemodels.Primedonlineboostingusesthisadvantageof

generatingfewerbasemodelsto makeitself muchfasterthanonlineboosting.Ontheother
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Table4.9: RunningTimes(seconds):batchandonlineboosting(with decisionstumps)

Dataset Decision Bagging Online Boosting Online PrimedOnline
Stump Bagging Boosting Boosting

Promoters 0.2 0.2 0.3 0.28 1.8 0.30
Balance 0.14 0.14 0.2 0.12 2.74 0.16

BreastCancer 0.1 0.28 0.3 0.22 4.24 1
GermanCredit 0.36 0.46 0.56 1.14 11.18 1.52
CarEvaluation 0.1 0.14 0.28 0.5 13.56 0.48

Chess 1.46 15 2.98 62.26 30.6 7.6
Mushroom 0.8 2.04 2.68 25.52 217.46 19.44

Nursery 0.26 19.64 5.1 18.88 236.1 1.42
Connect-4 5.94 53.66 33.72 404.6 2101.56 94.16
Synthetic-1 3.8 26.6 28.02 1634.68 552.46 101.08
Synthetic-2 3.82 30.26 28.34 3489.36 478.5 183.48
Synthetic-3 4.06 29.36 36.04 7772.7 353.76 407.66

Census-Income 51.4 124.2 131.8 231904.2 9071.4 10721.2
ForestCovertype 176.64 594.34 510.58 37510.9 343210.04 10764.04

Table4.10:Runningtimes(seconds):batchalgorithms(with neuralnetworks)

Dataset Neural Bagging Boosting Boosting Boosting
Network oneupdates tenupdates

Promoters 2.58 442.74 260.86 2.92 335.12
Balance 0.12 12.48 1.96 0.12 1.7

BreastCancer 0.12 8.14 2.56 0.34 0.62
GermanCredit 0.72 73.64 11.86 0.6 9.06
CarEvaluation 0.6 36.86 44.04 1.22 41.7

Chess 1.72 166.78 266.74 4.78 25.6
Mushroom 7.68 828.38 91.72 144.08 447.28

Nursery 9.14 1118.98 1537.44 331.26 1369.04
Connect-4 2337.62 156009.3 26461.28 1066.64 6036.94
Synthetic-1 142.02 15449.58 6431.48 1724.96 5211.3
Synthetic-2 300.96 24447.2 10413.66 1651.6 4718.98
Synthetic-3 203.82 17672.84 9261.86 1613.36 5619.82

Census-Income 4221.4 201489.4 89608.4 31587.2 25631.8
ForestCovertype 2071.36 126518.76 141812.4 70638.92 100677.42
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Table4.11:Runningtimes(seconds):onlinealgorithms(with neuralnetworks–oneupdate
perexample)

Dataset Online Online Online PrimedOnline
NeuralNet Bagging Boosting Boosting

Promoters � 0.02 32.42 26.62 64.46
Balance 0.02 1.48 2.46 0.28

BreastCancer 0.06 0.94 0.9 0.68
GermanCredit 0.74 7.98 11.4 2.24
CarEvaluation 0.1 3.92 3.88 10.62

Chess 0.38 20.86 19.1 44.52
Mushroom 1.2 129.18 60.46 152.2

Nursery 1.54 140.02 87.96 297.46
Connect-4 356.12 28851.42 33084.5 2837
Synthetic-1 17.38 2908.48 4018.94 640.34
Synthetic-2 17.74 3467.9 4738.6 559.4
Synthetic-3 24.12 2509.6 1716.38 509.76

Census-Income 249 23765.8 16843.8 10551
ForestCovertype 635.48 17150.24 20662.78 965.26

Table4.12:Runningtimes(seconds):onlinealgorithms(with neuralnetworks–tenupdates
perexample)

Dataset Online Online Online PrimedOnline
NeuralNet Bagging Boosting Boosting

Promoters 2.34 334.56 83.18 183.82
Balance 0.14 11.7 4.18 0.4

BreastCancer 0.18 6.58 2.28 1.08
GermanCredit 0.68 63.5 23.76 5.18
CarEvaluation 0.46 36.82 9.2 15.74

Chess 1.92 159.8 32.42 62.88
Mushroom 6.64 657.48 53.28 171.36

Nursery 9.22 1004.8 160.18 493.46
Connect-4 1133.78 105035.76 58277.4898 6760.76
Synthetic-1 149.34 16056.14 8805.58 1556.38
Synthetic-2 124.22 13327.66 5643.82 1272.32
Synthetic-3 117.54 12469.1 1651.5 832.88

Census-Income 1405.6 131135.2 52362 11009.6
ForestCovertype 805.04 73901.86 74662.66 4164.6
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hand,with decisiontrees(Table4.7)anddecisionstumps(Table4.9),therunningtimesof

batchandonline boostingarenot consistentrelative to eachother. In thosecaseswhere

batchboostinggeneratesa smallnumberof basemodels,batchboostingrunsfaster. Oth-

erwise,onlineboosting’sadvantageof fewerpassesthroughthedatasetdemonstratesitself

with aloweraveragerunningtimethanbatchboosting.For example,with decisionstumps,

onlineboostingis considerablyfasterthanbatchboostingon theCensusIncomedatasets,

but the oppositeis true on the ForestCovertypedataset.On the CensusIncomedataset,

all therunsof batchboostinggeneratedthefull 100basemodelsjust like onlineboosting

alwaysdoes;therefore,onlineboosting’s advantageof fewer passesthroughthedatasetis

demonstrated.However, on the ForestCovertypedataset,the boostingrunsgeneratedan

averageof only 2.76basemodels,giving it a significantrunningtime advantageover on-

line boosting.Primedonlineboostingappearsto have thebestof bothworlds,generating

fewerbasemodelswherepossibleandpassingthroughthedatasetfewer times.Continuing

with the sameexample,whereasprimedonline boostingwith decisionstumpsgenerated

an averageof 97 basemodelson the CensusIncomedataset,it generatedonly 2.68base

modelsontheForestCovertypedataset,giving usbatchboosting’sadvantageof generating

fewerbasemodels.

4.6.5 Online Dataset

Table4.13shows theresultsof runningall of our algorithmson theCalendarAPpren-

tice (CAP)dataset(Mitchell etal., 1994)describedin thepreviouschapter. Theaccuracies

of all the algorithmsexceptprimedonline boostingaremeasuredover all 1790appoint-

mentsin the dataset,wherethe accuracy on the ] th appointmentis measuredusing the

hypothesisconstructedover theprevious ]zo E examples.Theaccuracy of primedonline

boostingis measuredoverthelast80%of thedata—notthefirst 20%whichwasprocessed

in batchmode. Onceagain,our algorithmsperformbestwith decisiontreebasemodels,

whichis consistentwith thechoiceof learningalgorithmin theCAPproject.Primedonline

boostingachievedlargeimprovementsoveronlineboostingwith decisiontreesfor predict-

ing the day of the weekbut especiallyfor predictingthe meetingduration. Priming also

greatlyhelpedwith Naive Bayesbasemodelsfor predictingthe dayof the week. Justas
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with online bagging,our online boostingalgorithmhasthe advantageover the previous

method(Mitchell et al., 1994)of nothaving to selectjust theright window of pasttraining

examplesto train with andthrow away theresultsof pastlearning.

4.7 Summary

In this chapter, we discussedseveral boostingalgorithmsincluding AdaBoost,which

is thelatestboostingalgorithmin commonuse.We discussedtheconditionsunderwhich

boostingtendsto work well relativeto singlemodels.Wethenderivedanonlineversionof

AdaBoost.We provedtheconvergenceof theensemblegeneratedby theonlineboosting

algorithmto that of batchboostingfor Naive Bayesclassifiers.We experimentallycom-

paredthe two algorithmsusingseveral basemodel typeson several “batch” datasetsof

varioussizesandillustratedthe performanceof online boostingin a calendarscheduling

domain—adomainin whichdatais generatedcontinually. Weshowedthatonlineboosting

andespeciallyprimedonlineboostingoftenyield combinationsof goodclassificationper-

formanceandlow runningtimes,which make thempracticalalgorithmsfor usewith large

datasets.
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Table4.13:Results(fractioncorrect)on CalendarApprenticeDataset

DecisionTrees
Single Online Online Primed

Target Model Bagging Boosting OnlineBoosting

Day 0.5101 0.5536 0.5123 0.5608
Duration 0.6905 0.7453 0.6436 0.7781

NaiveBayes
Single Online Online Primed

Target Model Bagging Boosting OnlineBoosting

Day 0.4520 0.3777 0.4665 0.5733
Duration 0.1508 0.1335 0.1626 0.1899

DecisionStumps
Single Online Online Primed

Target Model Bagging Boosting OnlineBoosting

Day 0.1927 0.1994 0.1950 0.1899
Duration 0.2626 0.2553 0.1637 0.1750

NeuralNetworks(one
updateperexample)

Single Online Online Primed
Target Model Bagging Boosting OnlineBoosting

Day 0.3899 0.2972 0.2603 0.3736
Duration 0.5106 0.4615 0.4369 0.5433

NeuralNetworks(ten
updatesperexample)

Single Online Online Primed
Target Model Bagging Boosting OnlineBoosting

Day 0.4028 0.4380 0.3575 0.3272
Duration 0.5196 0.5240 0.5330 0.5070
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Chapter 5

Conclusions

5.1 Contrib utions of this Dissertation

Thetwo primarycontributionsof this thesisareonlineversionsof two of themostpop-

ular ensemblelearningalgorithms:baggingandboosting.To produceanonlineversionof

bagging,we hadto devisea way to generatebootstrappedtrainingsetsin anonlineman-

ner, i.e.,without needingto have theentiretrainingsetavailableto usat all timestheway

baggingdoes.Weprovedthatthedistributionoverbootstrappedtrainingsetsunderouron-

line schemeconvergesto thatof thebatchscheme.We thenprovedthattheonlinebagged

ensembleconvergesto thebatchbaggedensemblewhenthebatchbasemodellearningal-

gorithm andits correspondingonline algorithmareproportionallearningalgorithmsthat

returnbaseclassifiersthatconvergetowardeachotherasthetrainingsetgrows. Wedemon-

stratedthis convergencethroughsomeexperimentswith threebasemodelsthatsatisfythe

conditionof proportionality(decisiontrees,decisionstumps,NaiveBayesclassifiers).We

alsoexperimentedwith neuralnetworks,which do notsatisfythis conditionandfor which

learningis lossy. Wesaw thatthelossexperiencedby theonlinebasemodellearningalgo-

rithm leadsto lossin onlinebagging.However, weobservedthat,for somelargerdatasets,

this losswasratherlow andmay, in fact, be acceptablegiven the lower runningtime of

onlinebaggingrelative to batchbaggingwith neuralnetworks.

The runningtimesof batchandonlinebaggingwith theotherbasemodelswereseen

to becloseto oneanother. However, themainrunningtime advantageof our onlinealgo-
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rithms andof online algorithmsin generalrelative to batchalgorithmsis in situationsin

which datais arriving continuously. In thesesituations,batchalgorithmswould have to

bererunusingtheentirepreviously-usedtrainingsetplusthenew examples,while online

algorithmscouldsimply performincrementalupdatesusingthenew exampleswithout ex-

aminingthepreviously-learneddata.Clearly, incrementalupdatingwould bemuchfaster

thanrerunningabatchalgorithmon all thedataseensofar, andmayevenbetheonly pos-

sibility if all thedataseensofarcannotbestoredor if weneedto performonlineprediction

andupdatingin real time or, at least,very quickly. We experimentedwith a domainof

this type—thecalendarschedulingdomain.Usingonlinebagging,we wereableto obtain

improved accuracy over singledecisiontreeswhich have beenusedin the past,andwe

wereableto do this throughstraightforward online learningwithout having to explicitly

forgetpastexamplesor usetrial anderrorto choosewindowsof pastexampleswith which

to train.

We thendevisedanonlineversionof AdaBoost,which is a batchboostingalgorithm.

Wedid thisby first notingthatbatchboostinggeneratesthefirst basemodelusingthesame

distributionoverthetrainingsetusedin bagging,but thencalculatesanew distributionover

thetrainingsetbasedontheperformanceof thefirst basemodelandusesthisnew distribu-

tion to createa secondbasemodel. This processof calculatingnew distributionsover the

trainingsetandusingthemto generateadditionalbasemodelsis repeatedasdesired.We

devisedanonlineboostingalgorithmthatgeneratesthefirst basemodelusingthetraining

setdistribution usedby onlinebagging,andthencalculatesa new distribution in a manner

muchlike thatusedin batchboosting.We explainedwhy onlineboostingperformsdiffer-

ently from batchboostingevenwhenonlineboostingis ableto usea losslessonlinealgo-

rithm to generateits basemodels.However, weprovedthat,for NaiveBayesbasemodels,

theonlineboostedensembleconvergesto thatgeneratedby batchboosting.We presented

experimentsshowing thatwhenwehadlosslessonlinealgorithmsto createthebasemodels

(decisiontrees,decisionstumps,andNaive Bayesclassifiers),theperformancesof online

boostingwerenot far off from batchboosting.However, with a lossyonline basemodel

learningalgorithm(neuralnetworks), online boostingsometimesexperiencedsubstantial

loss.Wedevisedaversionof onlineboostingthatprimestheensembleby trainingin batch

modeusingsomeinitial partof thetrainingsetandthenupdatesthatensembleonlineusing
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theremainderof thetrainingset.This algorithmperformedbetterthantheoriginal online

boostingalgorithmandalsoran fasterin mostcases.We observed the runningtimesof

all thealgorithmsthatwe experimentedwith andnotedthesituationsunderwhich online

boostingranfasterthanbatchboostingandviceversa.Weexperimentedwith thecalendar

schedulingdomainandobtainedeven moreimprovementrelative to decisiontreesusing

our onlineboostingalgorithmswith decisiontreesthanwedid with onlinebagging.

5.2 Futur eWork

Many of the currentactive areasof researchrelatedto batchensemblelearningalso

apply to onlineensemblelearning.Oneareaof researchis usingadditionaltypesof base

modelssuchas radial basisfunction networks. This is necessaryin order for ensemble

learningmethodsto beusedin a greatervarietyof problemdomainswhereothertypesof

modelsareconsideredstandard.Experimentalandtheoreticalresultswith agreatervariety

of ensemblemethodsandbasemodelsshouldalsoenableusto betterdescribetheprecise

conditionsunderwhichensemblemethodswork well.

Most ensemblemethods,including baggingandboosting,usesomemethodto bring

aboutdifferencesin the training setsusedto generatethe basemodelsin the hopethat

thesedifferencesareenoughto yield diversityin thepoolof basemodels.A verydifferent

approachis usedby Merz (1998,1999)—in this approach,given a set of basemodels,

a combiningschemebasedon Principal ComponentAnalysis (PCA) (Jolliffe, 1986) is

usedto try to achieve thebestperformancethat canbeachievedfrom that setof models.

This methodreducestheweightsof basemodelsthatareredundanteventhoughthey may

performwell andincreasestheweightsof basemodelsthat, in spiteof their pooroverall

performance,performwell on certainpartsof the input spacewhereother basemodels

performpoorly. An onlineversionof this methodwouldbeveryuseful.

Boostingis known to performpoorly whenthereis noisydatabecauseboostingtends

to increasethe weightsof noisy examplestoo much at the expenseof lessnoisy data.

Correctingthis is anactiveareaof researchwithin theboostingcommunity. However, this

problemcanalsobeseenasabenefit,in thatboostingcanbeusedto detectoutliers,which
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is animportanttaskin many problemdomains.Boostinghasnotbeenusedfor thispurpose

sofar.

In thisdissertation,wehavemostlyusedouronlineensemblealgorithmsto learnstatic

datasets,i.e., thosewhichdonothaveany temporalorderingamongthetrainingexamples.

As explainedin Chapter1, this is animportantareaof applicationbecauseonlinelearning

algorithmsareoftentheonly practicalwayto learnvery largebatchdatasets.However, on-

line learningalgorithmsareespeciallyimportantfor timeseriesdata.Somework hasbeen

doneon applyingbatchboostingto timeseriesclassification(Diez& Gonzalez,2000)and

regression(Avnimelech& Intrator, 1998).Thework on time seriesclassificationassumes

thateachtrainingexampleis a time seriesexampleof oneclass.Thereareotherpossible

time seriesclassificationproblems.For example,theremay be just onetime seriesfrom

somecontinuouslyrunningsystem(e.g.,a factorymachineor airplane)andonemaywant

to determinewhich of severalmodesthesystemis in at eachpoint in time. Our onlineen-

semblealgorithmsor variantsof themshouldbeespeciallyusefulfor this typeof problem.

Similar to whatwediscussedin thelastparagraph,wemightbeableto useonlineboosting

to detectoutlierswithin a time serieswhetherthe problemis time seriesclassificationor

regression.Much datamining researchis concernedwith finding methodsapplicableto

the increasingvarietyof typesof dataavailable—timeseries,spatial,multimedia,world-

wide web logs, etc. Using online learningalgorithms—bothsingle-modelandensemble

methods—onthesedifferenttypesof datais animportantareaof work.

Whenapplyinga learningalgorithmto a largedataset,thecomputationalintensiveness

of thealgorithmbecomesimportant. In this dissertation,we examinedthe runningtimes

of our algorithmsandfound that they arequitepractical. However, we shouldbeableto

do even better. Batchandonline baggingtrain eachof their basemodelsindependently;

therefore,they bothcanbeexecutedon a parallelcomputer, which would make themap-

proximatelyasfastasthebasemodellearningalgorithm.Batchboostingproducesits base

modelsin sequence;therefore,it clearlycannotbeparallelized.However, onlineboosting

canbeparallelized.In particular, onecansetuponebasemodellearningalgorithmoneach

availableprocessor, andhave eachbasemodel’s processorreceive anexampleandweight

from the previousbasemodel’s processor, updateits own basemodel,andthenpassthat

exampleandnew weight to the next basemodel’s processor. The currentbasemodel’s
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processorwould thenbe immediatelyreadyto receive the next training example. In our

experimentswith primedonline boosting,we primedusingthe lesserof the first 20% of

the trainingsetor thefirst 10000trainingexamples.A versionof primedonlineboosting

thatcanadaptto theavailablehardwareandevenadaptto thecurrentprocessorloadand

availablememorywouldbeuseful.

This dissertationprovidesa steppingstoneto usingensemblelearningalgorithmson

largedatasets.We hopethatthis researchstimulatesothersto work on theideasdiscussed

in this chapterandcomeup with new ideasto make ensemblelearningalgorithmsmore

practicalfor moderndataminingproblems.
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